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Abstract: The struggle to find the analytic solution of several differential equations leads to several issues 

like difficulty in finding solutions, singularities, convergent issues, and stability. Because of these 

problems, most of the researchers come up with explicit approaches such as the Runge Kutta method, 

Euler’s method, and Taylor’s polynomial method for finding numerical solutions to the ordinary 

differential equation. In this work, we combine both the Aitken methods and Newton’s interpolation 

method (NIM) to solve first-order differential equations. The numerical results obtained provide minimal 

error. The result is supported by solving an example. 
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1. Introduction 

A differential equation is a type of mathematical concept that shows the derivatives of unknown 

functions. It can be used to describe the relationship between one or more independent variables and 

one or more unknown functions (Zill, 2012). A differential equation is the change of the function with 

respect to time, so this gives us an equation that says that the derivative of the function is proportional 

to the function itself (Atkinson et al, 2009). “Ordinary derivatives are written using either the Leibniz 

notation 𝑑𝑛𝑦/𝑑𝑥𝑛, or the prime notation 𝑦′, 𝑦′′, 𝑦′′′, … 𝑦(𝑛), is that the former is used to denote the 

first three derivatives prime notation is used to denote only the first three derivatives; the fourth and 

up to n derivative is written 𝑦(𝑛), the general form of first-order DE given by 
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦)  and second-

order is given by 
𝑑2𝑦

𝑑𝑥2 −
𝑑𝑦

𝑑𝑥
𝑝(𝑡) + 𝑞(𝑡) = 𝑔(𝑡), (Chasnov, 2014). 

But the problem of finding a solution to some difficult differential equations has been a major problem 

for scientists to deal with, tackling these kinds of problems necessitates the authors in (Ibrahim, 2020; 

Ibrahim, & Isah, 2021; Isah, & Ibrahim, 2021; Ibrahim, & Isah, 2022; Salisu, 2022b) to introduce a 

numerical method for solving ODEs, partial differential equations (PDEs), and fractional differential 

equations (FDEs). Therefore, commutativity is very important from a practical point of view. 

Newton’s interpolation concept is a widely used technique in image processing and numerical analysis. 

It is unique in that it considers the various points in a function and finds an approximate value for those 

values (Zou, 2020).  
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In this process, we want to find the exact values of the function for the new points in the function 

(Kreyszig, 2011). “In the mathematical field of numerical analysis, a Newton polynomial, named after 

its inventor Isaac Newton, is an interpolation polynomial for a given set of data points. The Newton 

polynomial is sometimes called Newton's divided differences interpolation polynomial because the 

coefficients of the polynomial are calculated using Newton's divided differences method” (Obradovic, 

Mishra, & Mishra). Many arithmetic calculations are involved in Lagrange's interpolation. However, 

this approach works for both equal and unequally spaced points. Newton's divided difference method 

is theoretically highly influential because it may be used to construct numerous interpolation equations. 

The authors (Ibrahim, & Koksal, 2021a) studied the commutativity with non-zero initial conditions 

(ICs), and their effects on the sensitivity were studied (Salisu, 2022a; Salisu, 2022c) while the 

realization and decomposition of a fourth-order LTVSs with nonzero ICs by cascaded two Second-

Order commutative pairs was introduced by (Ibrahim, & Koksal, 2021b; Salisu, & Rababah, 2022). 

The authors (Rababah, & Ibrahim, 2016a; Rababah, & Ibrahim, 2016b; Rababah, & Ibrahim, 2018) 

come up with a numerical approximative process for degree reduction of curves and surfaces which 

approaches can be used to solve complex ODES, PDEs, and FDEs.  

The Aitken method is a polynomial interpolation technique developed by mathematician Alexander 

Aitken. It's comparable to Neville's algorithm. As A. C. Aitken has lately created a method of practical 

interpolation that is especially well suited for computing machines; no differences or tables of 

interpolation coefficients are utilized, and the essential operations are most simply accomplished on 

current computing machines. Furthermore, the degree of the interpolating polynomial reduces by two 

at each stage, reducing the amount of labor required. 

(Faith, 2018) investigated “Solution of First Order Differential Equation Using Numerical Newton’s 

Interpolation and Lagrange Method”. “Numerical study for Solving Bernoulli Differential Equations 

by using Newton's Interpolation and Aitken's Method” was studied by (Al Din, 2020a). “Solving 

Bernoulli Differential Equations by using Newton's Interpolation and Lagrange Methods” was studied 

by (Al Din, 2020b).  “Comparison of Newton's Interpolation and Aitken's Methods with Some 

Numerical Methods for Solving System of First and Second Order Differential Equation” was 

investigated by (Mbagwu, 2021) 

The above study investigates Aitken's method and Newton’s interpolation approach to solve a first-

order differential equation. The purpose of this work is to find the numerical solution to the first-order 

differential equations using the proposed methods. 

2. Preliminaries 

In this section we introduce Euler’s method for solving the first and second-order differential equation, 

we also show the formula of Taylor polynomial and Runge-Kutta method for solving ODEs, PDEs, 

and FDEs, all these are numerical techniques that prove to be the good numerical method for finding 

the solution ODEs, but in this work, we are going to consider Aitken's method and Newton 

interpolation method to solve first-order ODEs, which will explain the next section. 

Considering the first and second-order systems described as  

𝒚′(𝑥) + 𝑄(𝑥)𝑦(𝑥)  = f(𝑥),                                             [1] 
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𝑦𝐵
″(𝑥) + P(𝑥)𝒚′(𝑥) + Q(𝑥)𝑦(𝑥)  = f(𝑥),                                 [2] 

Where P(𝑥), Q(𝑥) 𝑎𝑛𝑑 f(𝑥) are function of 𝑥. 

2.1 Euler Method 

Euler’s method is a developed numerical solution to an initial value problem of the type 

𝒚′(𝑥) = 𝑓(𝑥, 𝑦),                                                      [3] 

𝑦(𝑥o) = 𝑦0.                                                          [4] 

Beginning with the initial condition 𝑦0, we create the rest of the solution using repeated formulas. To 

develop a numerical solution to an initial value issue of the form: 

𝑥𝑛+1 = 𝑥𝑛 + ℎ,                                                      [5] 

𝑦𝑛+1 = 𝑦𝑛 + ℎ𝑓(𝑥𝑛, 𝑦𝑛),                                             [6] 

Where ℎ is the step function, 𝑥𝑛+1 is the independent value that can be divided into ℎ sub intervals 

and 𝑦𝑛+1 is the solution numerical solution. 

2.2 Taylor Series 

The Taylor series can be defined as 

𝑓(𝑥) = 𝑓(𝑎) + 𝑓′(𝑎)(𝑥 − 𝑎) +
𝑓′′(𝑎)

2!
(𝑥 − 𝑎)2 +

𝑓′′′(𝑎)

3!
(𝑥 − 𝑎)3 +, ...              [7] 

To determine a condition that must be true for a Taylor series to exist for a function, we first construct 

the nth degree Taylor mathematical model of that function. 

𝑓(𝑥) = ∑𝑖=0
𝑛  

𝑓(𝑖)(𝑎)

𝑖!
(𝑥 − 𝑎)𝑖.                                               [8] 

This polynomial has a maximum degree of n and it is called the Taylor polynomial. 

2.3 Runge-Kutta Method 

We do have deferential expression as first, second, third, and fourth Runge-kutta methods as yield in 

Eq. (9)  

𝑘1 = ℎ𝑓(𝑥𝑛, 𝑦𝑛), 

𝑘2 = ℎ𝑓 (𝑥𝑛 +
ℎ

2
, 𝑦𝑛 +

𝑘1

2
), 

𝑘3 = ℎ𝑓 (𝑥𝑛 +
ℎ

2
, 𝑦𝑛 +

𝑘2

2
),                                                    [9] 

𝑘4 = ℎ𝑓(𝑥𝑛 + ℎ, 𝑦𝑛 + 𝑘3), 

𝑘 =
1

6
(𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4). 
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3. Aitken's Method and Newton Interpolation Polynomial 

In this section. We are going to consider the Aitken's method and the Newton interpolation method.   

3.1 Aitken's Methods 

Aitken's procedure is a systematically and successively numerical method that yields better 

interpolation polynomials. One of its major advantages is that the accuracy by comparing successive 

steps. The Aitken's formula can be express as: 

𝑃0,𝑘(𝑥) =
1

𝑥𝑘−𝑥0
|
𝑦0 𝑥0 − 𝑥
𝑦𝑘 𝑥𝑘 − 𝑥|,                                          [10] 

Where, for each k = 0, 1, ..., n. 

And  

𝑃0,1,2 = =
1

𝑥2−𝑥1
|
𝑃0,1(𝑥) 𝑥1 − 𝑥

𝑃0,2(𝑥) 𝑥2 − 𝑥
|,                                       [11] 

 

Where, for each k = 0, 1, ..., n, 

𝑦𝑛 = 𝑃0,1,2,…,𝑛(𝑥) = 𝑃0,1,2,…,𝑛(𝑥) =
1

𝑥𝑛 − 𝑥𝑛−1
|

𝑃0,1,…,(𝑛−1)(𝑥) 𝑥𝑛−1 − 𝑥

𝑃0,1,…,(𝑛−2),𝑛(𝑥) 𝑥𝑛 − 𝑥
|.         [12] 

The Aitken iteration process is described below: At first step, a set of linear polynomials between the 

points (𝑥0, 𝑦0) and (𝑥𝑗, 𝑦𝑗), 𝑗 = 1,2, … , 𝑛 is determined. Regarding the first approximation. Let the 

linear polynomial for the points (𝑥0, 𝑦0) and (𝑥1, 𝑦1) be denoted by 𝑝0,1(𝑥) and is given by” 

𝑃0,1(𝑥) =
𝑥−𝑥1

𝑥0−𝑥1
𝑦0 +

𝑥−𝑥0

𝑥1−𝑥0
𝑦1.                                           [13] 

𝑃0,1(𝑥) =
1

𝑥1−𝑥0
[(𝑥1 − 𝑥)𝑦0 − (𝑥0 − 𝑥)𝑦1].                                       [14] 

𝑃0,1(𝑥) =
1

𝑥1−𝑥0
|
𝑦0 𝑥0 − 𝑥
𝑦1 𝑥1 − 𝑥|.                                           [15] 

In second step, a set of quadratic polynomials is generated for the points (𝑥0, 𝑦0), (𝑥1, 𝑦1) and (𝑥𝑗, 𝑦𝑗),

𝑗 = 2,3, … , 𝑛.  

𝑃0,𝑗(𝑥) =
1

𝑥𝑗−𝑥0
|
𝑦0 𝑥0 − 𝑥
𝑦𝑗 𝑥𝑗 − 𝑥 | , 𝑗 = 2, … , 𝑛.                               [16] 

The second approximation is performed with the help of first approximation to reduce the 

computational effort, this can be seen in Eq (11). This process is repeated for 𝑛 times. 

The example below shows the Aitken application: 

𝑥 1 2 3 

𝑦(𝑥) 7 5 2 

 
By considering Eq. (10) for k = 1, 2 now we obtain 
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𝑃0,1 = |
7 1 − 𝑥
5 2 − 𝑥

| = 9 − 2𝑥                                      [17] 

𝑃0,2 =
1

2
|
7 1 − 𝑥
2 3 − 𝑥

| =
1

2
(19 − 2𝑥)                                 [18] 

The second approximation is given by considering Eq. (11) for k =  2  

𝑃0,1,2 = |
9 − 2𝑥 2 − 𝑥

0.5(19 − 5𝑥) 3 − 𝑥
| = 8 − 0.5𝑥 − 0.5𝑥2                [19] 

3.2 Newton's Interpolation Method  

Newton interpolation is a quadratic interpolation methodology used in numerical methods and 

outcomes. The interpolation formula in most classic procedures is particular to the data. This paper 

discusses Newton type polynomial interpolation approaches. 

The forward difference formula and the backward difference formula are used in Newton polynomial 

interpolation. 

𝑦0(𝑥) = 𝑎0,                                                [20] 

𝑦1(𝑥) =  𝑎0 + 𝑎1(𝑥 − 𝑥0),                                 [21] 

𝑦2(𝑥) =  𝑎0 + 𝑎1(𝑥 − 𝑥0) + 𝑎2(𝑥 − 𝑥0)(𝑥 − 𝑥1),                      [22] 

𝑦𝑛(𝑥) = 𝑎0 + 𝑎1(𝑥 − 𝑥0) + 𝑎2(𝑥 − 𝑥0) + ⋯ … . +𝑎𝑛(𝑥 − 𝑥0)(𝑥 − 𝑥1) … (𝑥 − 𝑥𝑛−1), [23] 

Where 

𝑎0 = 𝑦0,                                                                  [24] 

𝑎1 =
𝑓(𝑥1) − 𝑓(𝑥0)

(𝑥1 − 𝑥0)
 ,                                                      [25] 

𝑎2 =

𝑓(𝑥2) − 𝑓(𝑥1)
(𝑥2 − 𝑥1)

−
𝑓(𝑥1) − 𝑓(𝑥0)

(𝑥1 − 𝑥0)

(𝑥2 − 𝑥0)
 ,                                          [26] 

𝑎3 =

𝑓(𝑥3) − 𝑓(𝑥2)
𝑥3 − 𝑥2

−
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1
𝑥3 − 𝑥1

−

𝑓(𝑥2) − 𝑓(𝑥1)
𝑥2 − 𝑥1

−
𝑓(𝑥1) − 𝑓(𝑥0)

𝑥1 − 𝑥0
𝑥2 − 𝑥0

𝑥3 − 𝑥0
,                [27] 

𝑎𝑛 = 𝑓[𝑥𝑘 , 𝑥𝑘−1, … , 𝑥1, 𝑥0] =
𝑓[𝑥𝑘 , 𝑥𝑘−1, … , 𝑥2, 𝑥1] − 𝑓[𝑥𝑘−1, 𝑥𝑘−2, … , 𝑥1, 𝑥0]

𝑥𝑘 − 𝑥0
.            [28] 

3.3 Forward Difference  

The value inside the boxes of the following difference in Table 1 is used in deriving the newton forward 

difference interpolation formula by setting 𝑥 = 𝑥0 + 𝑝ℎ and 𝑎0, 𝑎1′⋯𝑎𝑛
, the newton forward difference 

equation is given as  
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𝑝𝑛(𝑥) = 𝑦0 + 𝑝Δ𝑦0 +
𝑝(𝑝 − 1)

2𝑖
Δ2𝑦0 +

𝑝(𝑝 − 1)(𝑝 − 2)

3𝑖
Δ3𝑦0 + ⋯                             

+  
𝑝(𝑝 − 1)(𝑝 − 2) ⋯ (𝑝 − 𝑛 + 1)

𝑛𝑖
Δ𝑛𝑦0.                                                                      [29] 

 

Table 1: Forward difference interpolation formula 

 

3.4 Backward Difference  

The value inside the boxes of the following difference Table 2 is used in deriving the newton backward 

difference interpolation formula which is given as 

𝑝𝑛(𝑥) = 𝑦𝑛 + 𝑝∇𝑦0 +
𝑝(𝑝 + 1)

2𝑖
∇2𝑦𝑛 +

𝑝(𝑝 + 1)(𝑝 − 2)

3𝑖
∇3𝑦0 + ⋯                              

+ 
𝑝(𝑝 + 1)(𝑝 − 2) ⋯ (𝑝 + 𝑛 − 1)

𝑛𝑖
∇𝑛𝑦𝑛.                                                                      [30] 

Table 2: Backward difference interpolation formula 

 
Value of 𝑥 

Value of 

𝑦 = 𝑓(𝑥) 

First 

Difference 

Δ𝑓(𝑥) 

Second 

Difference 

Δ2𝑓(𝑥) 

Third 

Difference 

Δ3𝑓(𝑥) 

Fourth 

Difference 

Δ4𝑓(𝑥) 

𝑥0  
 

   

𝑥0 + ℎ 𝑦1 
 

 
 

 

𝑥0 + 2ℎ 𝑦2 
 

Δ2𝑦1 
  

𝑥0 + 3ℎ 𝑦3 
    

𝑥0 + 4ℎ 𝑦4     

𝑦0 

Δ𝑦0 

Δ𝑦1 

Δ2𝑦0 

Δ3𝑦0 

Δ𝑦2 Δ3𝑦1 

Δ4𝑦0 

Δ𝑦3 

Δ2𝑦2 
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4. Application  

In this section, we make use of the formula and conditions obtained from the previous section and 

illustrate the numerical solution of first-order differential equations. 

Example 1. Let us first consider the following first-order differential equations 

𝑓(𝑥) =
√3

2
𝑥 +  

11

4
𝑦           𝑦(0) = 0           ℎ = 0.01.                            [31] 

 

By applying the Newton interpolation of Eqs. (20), (21), (22), (24), (25), and (26), we obtain the 

following 

𝑎𝑜 = 0 = 𝑦𝑜 ,                                                                     [32] 

𝑎1 =
𝑓(𝑥1) − 𝑓(𝑥𝑜)

𝑥1 − 𝑥𝑜
= [

𝑑𝑦

𝑑𝑥
]

0,0
    =

√3

2
(0) +  

11

4
(0)  = 0                    [33] 

𝑦1 = 𝑎𝑜 + 𝑎1(𝑥 − 𝑥𝑜) =   0 + 1(0.01 − 0) = 0                                        [34] 

𝑎2 =

𝑓(𝑥2) − 𝑓(𝑥1)
𝑥2 − 𝑥1

 −  
𝑓(𝑥1) − 𝑓(𝑥𝑜)

𝑥1 − 𝑥𝑜

𝑥2 − 𝑥𝑜
=

[
𝑑𝑦
𝑑𝑥

]
0.01,   0

−  [
𝑑𝑦
𝑑𝑥

]
0,0

 

0.02 − 0
 

𝑎2 =
√3

2
(0.01)+ 

11

4
(0)−[

√3

2
(0)+ 

11

4
(0)]

0.02−0
=

0.008660254−1

0.02
= 0.4330127                                 [35] 

                     𝑦2 = 𝑎0 + 𝑎1(𝑥 − 𝑥0) + 𝑎2(𝑥 − 𝑥0)(𝑥 − 𝑥1)      

= 0 + 0(0.02 − 0) + 0.4330127(0.02 − 0)(0.02 − 0.01) 

= 0.00008660254                                                                             [36] 

Where  

𝑥𝑜 = 0,   𝑥1 = 0.01,   𝑥2 = 0.02,                                            [37] 

 

Value of 𝑥 
Value of 

𝑦 = 𝑓(𝑥) 

First 

Difference 

∇𝑓(𝑥) 

Second 

Difference 

∇2𝑓(𝑥) 

Third 

Difference 

∇3𝑓(𝑥) 

Fourth 

Difference 

∇4𝑓(𝑥) 

𝑥0  
 

   

𝑥0 + ℎ 𝑦1 
 

 
 

 

𝑥0 + 2ℎ 𝑦2 
 

∇2𝑦3 
  

𝑥0 + 3ℎ 𝑦3 
    

𝑥0 + 4ℎ 𝑦4     

∇𝑦1 

𝑦0 

∇3𝑦3 ∇𝑦2 

∇2𝑦2 

∇4𝑦4 
Δ3𝑦4 ∇𝑦3 

∇𝑦4 

∇𝑦4 
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Considering the values 𝑥𝑜, 𝑥1, 𝑥2 of Eq. (37) and 𝑦𝑜, 𝑦1, 𝑦2 of Eq. (32), Eq. (34), and Eq. (36) 

respectively, and inserting them in Eq. (10) for 𝑘 = 0,1 and Eq. (11), we obtain 

𝑃0,1(𝑥) =
1

0.01 − 0
|
0 0 − 𝑥
0 0.01 − 𝑥

| 

= 0.                                                                         [38] 

𝑃0,2(𝑥) =
1

0.02 − 0
|

0 0 − 𝑥
0.00008660254 0.02 − 𝑥

| 

= 0.004330127𝑥.                                                                                 [39] 

𝑃0,1,2(𝑥) =
1

0.02 − 0.01
|

𝑥 0.01 − 𝑥
0.004330127𝑥 0.02 − 𝑥

| 

= 0.4330127𝑥2 − 0.004330127𝑥                                                [40] 

The exact solution is given by 

𝑦𝑒𝑥𝑎𝑐𝑡 =
2

121
√3(−4 + 4ⅇ11𝑥 4⁄ − 11𝑥).                                  [41] 

The figures below depict the graph of approximate solution with exact solutions and error between. 

 

Figure 4.1: Solution of Example 1 with Aitkens and Newton Method. 

 

The error is defined as  

ⅇ𝑟𝑟𝑜𝑟 = 𝑦𝑒𝑥𝑎𝑐𝑡 − 𝑦2                                                            [42] 
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Figure 4.2: Error Example 1 with Aitkens and Newton Method 

Table 4.2: The Table showing the result of Example 1  

x Exact Values Newtons & Aitken Methods.  

 

Errors  

0 0 0 0 

0.01 0.0000437 0 0.000043 

0.02 0.000176 0.000087 0.0000898 

0.03 0.000401 0.0002598 0.0001408 

0.04 0.000719 0.0399969 0.0001993 

0.05 0.00113 0.000866 0.0002679 

0.06 0.001648 0.001299 0.0003492 

0.07 0.002265 0.0018187 0.0004461 

0.08 0.002986 0.0024249 0.0005613 

0.09 0.003815 0.0031177 0.0006979 

0.1 0.004755 0.00389711 0.0008588 

 
5. Conclusion 

This paper studies the solution of first-order differential equations using the Aitken method and 

Newton interpolation approached. The result obtained shows that the proposed method and approached 

gives a minimal approximation errors and outperforms the existing methods. The numerical results are 

verified by an example that is computed using Mathematica and MATLAB.   
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