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1. Introduction

By w, we represent the set of all complex-valued sequences. We call each vector subspace of w as a
sequence space. The sets £, ¢ and ¢, are bounded, convergent and null sequence spaces, respectively.
The set ¢ represents all finitely non-zero called sequences. If a sequence space u is a complete linear
metric space with continuous coordinates p,: u — C with p,,(x) = x,, for all x = (x,,) € u and every
n € N, then it is called an FK-space, where C denotes the complex field and N = {0,1,2, ... }.

If a sequence space A is an FK-space, then we say that ¢ < 2 and the sequence (e*) is a basis for the
sequence space A, where e* is a sequence whose only term in k" place is 1 the others are zero for
each k € N and ¢ = span{e*}. Thus, we say that A has AK property. Moreover, A is named AD-space
if the set ¢ is dense in A. Thus AK implies AD.

A normed FK-space is called a BK-space. Therefore, a BK-space is a Banach space with continuous
coordinates, [1, pp. 272-273]. The classical sequence spaces ¢, ¢ and ¢, are BK-spaces with the sup-
norm defined by
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I x llo= sup]|x|.
keN

The space of absolutely summable sequences denoted by ¢, is defined by
(1) £y = {x = (x) € w: LZo |Xk| <0},

and it is a BK-space with the folowing norm

(o0}
1 le,= ) el <o
k=0

Moreover, the space of all sequences of bounded variation denoted by bv is defined by
(2) bv = {x = (xx) € W: Yo |Xx — Xp—1| < 0},

and it is a BK-space with the folowing norm

(o0}
I3 = ol + ) i = ] < 0.
k=1

On one hand, the sequence space bv is defined as the backward difference operator A domain on the
sequence space ¥, where Ax;, = x;, — x;_4 for all k € N. On the other hand, we can also represent
bv as

(3) bv = {x = (xx) € w: Xg=q |Xk — Xp41] < 0},

Which is the forward difference operator A domain on the sequence space ¢4, where Ax;, = xj — Xk41,
for all k € N. The space bv, = bv N ¢y and the inclusions ¢, € bv, € bv cC c are strictly hold.

The beta-dual A8 of a sequence space A is the set of all x = (x;) € w such that xy = (x,y,) € cs for
all y = (yx) € A. Let A, u be any two subsets of w and A = (apk)nx=1 be an infinite matrix of
complex numbers. Then, we have for x = (x;,)

Apx = Z AniXx and Ax = (ApX)peq

Provided all the series converge, the set 1, = {x € w: Ax € A} is called the matrix domain of A in A4,
and (A, u) denotes the class of all matrix transformations from A into u. Therefore, A € (4, n) if and
only if A c pu,, A, € AB foralln € N, and A4,,x belongs to u for all x € A, where 4,, denotes the n-th
row of A.

2. Spectrum of Bounded Operators

Let X be a linear space. The set of all linear operators T: X — X is denoted by L(X). By B(X), we
denote the set of all bounded linear operators on X into itself. Suppose that X is a Banach space. Then,
if T € B(X), the adjoint operator T* of T is in B(X™), where X* is dual space of X, defined by

4) (T*y)(x) =y*(Tx) forall y* € X* and x € X.

Let T: D(T) — X be a linear operator on its domain D(T) < X into the complex normed space X. For
T € B(X) we associate a complex number A with the operator (T — AI) denoted by T; which is called
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the perturbed operator on the same domain D(T) as T where I denotes the identity operator. The
inverse (T — AI)~%, which is denoted by T;* is called the resolvent operator of T;. Regarding the
detailed information about the spectrum and its subdivisions we refer authors to the referee [2,
Proposition 1.2, 1.3, p. 27-28], [10], [12], [19], and [20].

3. The Spectrum of Norlund Type Matrix Operator 4 = (a,;) on the Sequence Spaces £, and
bv

In this section, we calculate the fine spectrum and its subdivisions of the matrix operator A = (a,x)
on the sequence spaces ¢, and bv. First, we start with the known facts about the Norlund mean and its
inverse.

The Norlund mean with respect to the non-negative sequence t = (t), where t, > 0 and T, =
YR_o ti forall n € N, is defined in the matrix form Nt = (af;) by

. (2 0<k<n,
ank= Tn
0 , k>n

For every k,n € N. Moreover, let D,,, where t, = D, = 1, is defined for each n € {1,2,3,...} as
follows;

t; 1 0 0 0

t, t; 1 0 0

t t t 1 0
Dn — 3 2 :1

th-1 th-2 th-3 tp—a - 1

tn th-1 th—2 th—3 = 04

Then, Mears [4] defined the inverse Ut = (uf,,) of Norlund matrix Nt as follows:

ut = {(—D”"‘Dn_ka , 0<ks<n
™o , k>n

Moreover, the inverse of Norlund matrix and some multiplication theorems for Nérlund mean were
studied by Mears [5, 4]. The Norlund matrix domain in some sequence spaces were calculated by some
distinguised mathematicians (see [6, 7, 8, 9]) as an application. Moreover, we would like to direct
readers to the following refrees (see [11, 12, 13]) to see the potential studies on the spectral results of
Norlund mean and some special N6érlund matrices as a bounded and linear operator on some sequence
spaces.

In this paper, we calculate the spectrum of a special Nérlund matrix A = (a,,;) on the sequence spaces
£; and bv. We begin with defining the Norlund type matrix operator A = (a,;), and then we show
that A = (a,,;) is linear and bounded operator on the sequence spaces ¢, and bv. The main body of
the paper presents the spectrum of the Norlund type matrix A = (a,,) and its subdivisions on the
sequence spaces ¥, and bv.

Let the Norlund type matrix A = (a,;) is defined as follows. A = (a,;) by
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1 , k=n=0
1
A = 5 n—1<k<n
0 , othervise
Equivalently
1 0 O
1 1 0
2 2
0 L 0
Ang = 2 2
0 0 1 1
2 2

Lemma 3.1 The matrix A = (a,;) is a bounded linear operator, A € B(¢,) from £ to itself, if and
only if the supremum of £; norms of the columns of A is bounded, i.e.,

[oe]

sup ) |ap| < oo.
keN &=

Lemma 3.2 The matrix A = (a,;) is a bounded linear operator, A € B(bv) from bv to itself, if and
only if

< 0,

oo
w3
k n=0

[ee]
Z (ani — an—l,i)
i=k

Then the following holds:

Theorem 3.1 The infinite matrix A € (¢4, £,) if and only if the condition in (17) holds for A = (a,,;)
defined by (16).

Proof. We apply the Lemma 3.1 to see the result as in the following

3
5+ ifk=0V¥neN

keN 1, ifk=>1,vneN

(o]
sup lank| = {
n=0
3
Threfore supgen Yo |nkl < 3.

The following result is cleally seen since it’s proof is similar to the proof of Theorem 3.1 by using
Lemma 3.2.

Corollary 3.1 The infinite matrix A € (bv, bv) if and only if

(0.0) (0.0)
sup z z (ani - an—l,i)
k n=0 li=k

Theorem 3.2 The spectrum of the matrix operator A = (a,,;) on the sequence space #; is the set

3
<-
2
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cae)={reci-a <3}

Proof. Suppose that |%— Al > % Since the matrix 4 is triangular, then (A — A1)~ = B = (byy,) is

given by
1
_ -1 -
1= 0 0 2 0
Z Z-1 0 1 ( -1 ) 2
(bk)=2 2 ) 1-a\(0-21) 1-22
" 0 > 54 1 ( 1 ) -2 2
: 1-2\(1-20)?) (1-21)? 1-22
Where
{ 1 _1\kem____— =
!1_/1( D" G gpyemn + n=O0VkEN
bk= _ 2
" l(_l)k nm , mk=>1,
0 , k>n

The aim of us here is to show that the matrix B is a bounded linear operator on £;. We need to apply
Lemma 3.1 for the matrix B. Therefore, suppose that a natural number m is given such that m > k for
every k € N such that

( 1 m+1

1 (- (=)

|1—A| 1 ’ ifn:O,Vk:O,l,Z,B,...,m,
N 1_|1—2/1|
D lanel = L
- |2 |1_<|1_2/1|) ifn=>1vk =0,1,2,3 m

1-22 L1 =

=

Now, if we get supremum over k € N then we have

Sup > lan| < o
keN
n=0
Since |%— Al > % It completes the proof.
Theorem 3.3 The point spectrum g, (A) of the matrix A on the sequence space ¢ is the set

ap(4, 1) = 0.

Proof. Suppose that the characteristic equation Ax = Ax for all corresponding eigenvector x # 0 of
eigenvalues A € C in the sequence space #,. Let us calculate the equation Ax = Ax, where x # 0
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1 0 0
1 1
S T | I bl
2 2 [X1] [*1]

1 1 x| = 2 x,
0 — —_ . .

Which gives the following equations
x0=/1x0

1

EXO+Ex1:AX1

1

Exl +EX2 = sz

If A = 1 for the first nonzero eigenvector x,, then x, = x; = x, =... which says that x is in the span
of § = (1,1,1,...) which tends to 1 as (n — o). Therefore, x ¢ £, and 1 = 1 is not an eigenvalue of

A € B(¥1). Moreover, if x, = 0 and x; is the first nonzero entry of x, then A = % But in this case

Xo = x; = x, =...= 0 which is a contradiction. Therefore, 1 = % is not an eigenvalue of A € B(¢,).
It completes the proof.

The adjoint T* of a linear operator T € B(X,Y) is the mapping from Y* to X* definedby T* o f = f o
T, where f € Y*. Moreover, since T is linear and bounded, T is linear and bounded, and || T* [I=I|
T |l (see [15]).

If A € B(#,) with a matrix A, then the adjoint operator A*: £; — ¢; is defined by the transpose A’ of
the matrix A. So we should note here that the dual space ¢7 of £, is isometrically isomorphic to £, of
bounded sequences which is normed by || x ll= sup,|x,|. Then we have the following theorems and
results.

Theorem 3.4 A € (Y;{) if and only if

Sup ) Jtny| < o0
" k=0
Theorem 3.5 Let A: ¢, - ¢,. Then A*: £, = £, if and only if
Sup ) ] < o0
" k=0

Theorem 3.6 0, (4, ;) = {/1 ec |’1 - %| < %}

Proof. We solve the following equation which is A*x = Ax, where x € £, X # 0,Vk € N, A € C that
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_1 ! 0 0 0
2
1 1 X X
05 3 00 g |4
I
0 0 = = 0 .- =1 .
2 2 13 |
o 0o o ~ L '] ']
2 2

Which gives the following system of equation

1
xO + E.xl = /‘lexl = 2(1 - 1)x0

EX1 + Exz = Axlxz = Z(A — E)xl = [2 (,1 — E):I X,
1 1 1 1 2
3ty = b = 20 - = [2(1-3)| =
1 1 1 1 n-1
Exn—l + Exn = Axp_1Xp = 2(4 — E)xn_l = [2 (l - E)] X1

Therefore, the solution of the above system of equation gives that
n-—1

1
Xp = [2 (/1 — E)] X1, vn €N

Now we should show that x = (x,,) € ¢, that is,

n—-1

) <

(3]

Since 2 |A - %| < 1. It completes the proof.

1
= |x,|sup (2 |/1 - =
neN 2

sup|x,| = sup
neN neN

Lemma 3.3 [16, p. 59] An operator T has dense range if and only if T* is one to one.
Lemma 3.4 [16, p. 60] The adjoint operator T* of T is onto if and only if T has a bounded inverse.
Theorem 3.7 The resudial spectrum a,.(4, £,) of the operator A on the sequence space ¢, is the set

{/1 € C: |§— /’l| < %} that is

1 1
0, (4,8,) = {/1 €C |§ - /1| < 5}
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Proof. Suppose that E — /1| < % We need to show that A — AI has an inverse and B(A — AI) # ¢, for
A which stisfied E - /1| < % Suppose that A # % Then the operator A — Al is a triangle hence has a

unique inverse. Moreover, suppose that 1 = % Then the operator (A — %I ) has the representation as

1
EOOO
1
1EOOO
(ETR
1
00?0

Hence (A —%I)x =6 implies x =6, A —%I:i’l — ¢, is injective but has an inverse. But, the

operator A* — %I which is represented as

1 1 0 0
2 2
0 O ! 0
1 2
2
0 0 O

Which is not one to one. Therefore, we can say by Lemma 3.3 that the range of the operator A — %I is
not dense in the sequence space #,. It completes the proof.

Corollary 3.2 Continuous spectrum of the matrix A on the sequence space ¢, is the empty set, that is,
o.(A,4)) = 0.

Proof. By considering the Theorem 3, Theorem 3 and Theorem 3, and since o (4, ¢;) is the disjoint
union of the subdivisions o, (4, 1), 0-(A4, 1), and a. (4, ¢1), we can easily see that 6.(4,¢;) = @. It
completes the proof.

Theorem 3.8 The spectrum of the matrix operator A = (a,,;) on the sequence space bv is the set
cabv)={1ec|i-a <3}

Proof. Suppose that |%— Al > % Since the matrix A is triangular, then (A —AI)™Y = B = (b,;) is
given by
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1
1—1 0 0 I 0 0
1 1
— -2 0 1 ( -1 ) 2 0
b= 1 1 _|T=2\a=—2n) 1-22
" o 5 5 1 ( 1 ) ~2 2
: T-a\(—212) d=21? 1-22
Where
(i(—nk-n— n=0vkeN
1-2 (A—2nkn '
bk: _ 2
" i(—l)k nm , mk=1,
kO , k>n

The aim of us here is to show that the matrix B is a bounded linear operator on bv. We need to apply
Lemma 3.2 for the matrix B. Therefore, suppose that a natural number m is given such that m > n for
every n € N such that

(1 _
U R 11— 4| , ifn=0,vkeN
S’”:Z Z(ani—an_l'i) _Jo ifn=1vkeN
n=0 li=k 4|1_/1| 1 m-—k .
|1—2/1|(|1—2,1|) , ifm=n=2,Vk €N.

Now, if we first get limit as m — oo and then supremum over k € N, then we have

(0.0) (0.0)
sup Z Z (ani - an—l,i)
k n=0 li=k

Since |1 — 24| > 1. It completes the proof.

< 00

Theorem 3.9 The point spectrum g, (4, bv) of the matrix A on the sequence space bv is the set
o, (A, bv) = {1}.

Proof. Suppose that the characteristic equation Ax = Ax for all corresponding eigenvector x # 0 of
eigenvalues A € C in the sequence space ¢;. Let’s calculate the equation Ax = Ax, where x # 0

S N R
N RN RO
SNk, O O

Which gives the following equations

Xg = AXO
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1

Exo + Exl = Axq
1 1

Exl +EX2 = sz

If A = 1 for the first nonzero eigenvector x,, then x, = x; = x, =... which says that x is in the span
of § = (1,1,1,...) which tends to 1 as (n — o0). Therefore, x € bvand A = 1 isan eigenvalue of A €
B(bv).

Moreover, if x, = 0 and x; is the first nonzero entry of x, then 4 = % Butinthiscase xo = x; = x, =

...= 0 which is a contradiction. Therefore, 1 = % is not an eigenvalue of A € B(bv). It completes the
proof.

Theorem 3.10 Let T: bv — bv be a bounded linear operator with the matrix A = (ay,). Then we
define T*: bv* — bv* where bv™ is acting on C @ bs which has the following matrix representation

x@) ()i — x(A)

A* =
(bp)n=0 (Akn — bn)n=o

Where x(4) = lim, X320 Ank, by = limy_ 00y, ax = P(T(5)) where § = (1,1,1,...) and Py is
the k" —coordinate function for each k € N (see [17]).Therefore, for the operator A: bv — bv, the
adjoint matrix A* € (C @ bs) is calculated as the matrix

1 0 0 O
1
0 1 5 0
x(4) (@) k=0 — x(4) 1 1
2 = } I I
(bn)nzo (akn - bn)n:O 1 1
0O 0 O E 5

11 1
op(A,bv)={/1€(C:|A—E| SE}

Proof. We solve the following equation which is A*x = Ax, wherex € C@ bs, xx # 0,Yke N,A € C
that
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1 0 0 0 O
1
0 1 3 0 0 ey pXoy
L1 |l
O 0 = =0 X X
- [xz}:Alxz}
1 1 .3 .3
0 0 0 = = - =
2 2
Which gives the following system of equation
x0=/1x0

1
X1 + Exz = Axlxz = Z(A - 1)x1

27t =ron =2(1-5)n =4a-D(1-3)xn

1 1 1 n-2
Exn—l + Exn = Axn_lxn =2 (A - E) Xn-1 = Z(A — 1) [2 (A — E)] X1

Therefore, the solution of the above system of equation gives that

n-2

xn=2(/1—1)[2(/1—%)] X,  Vn=2

If =1, then x, =0,x3=0,...,x, =0,... so that x = (xy,x,0,0,0,...) is an eigenvector
corresponding to the eigenvalue A = 1. If A # 1, then x € C @ bs if and only if

1- (2 (2- %))H

1-2G-3)

n-2

z 2(/1—1)( (A——)) %

If and only if 2 |/’l - %| < 1. It completes the proof.

< 2|xq||A — 1]

sup < o

nenN

Corollary 3.3 By using [2, Proposition 1.2 (iii), p. 27] and [2, Proposition 1.3 (v), p.28], we have the
following results.

() oco(a,bv) = {2 C:|2-2| <3},
(i) o-(A4,bv) =0
(iii) 0.(A, bv) = @

Corollary 3.4 By using [2, Proposition 1.2, p27] and [2, Proposition 2.3, p.28], we also can state the
following results.

(i) oco(A ) ={aec:|a-2 <3}
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1

(i) oap(4, 1) ={2€ C:|2—2| =3},

(i) 05(A" £e) = {2 € C:[2 = 2] =3}.

(iv) 0gp(4,bv) = Q.
(v) os(A", bv) = @.
5. Conclusion

Spectral studies are commonly studied problems of bounded and linear operators on sequence spaces.
Some significant papers have been studied where the spectral results took place on the absolutely
summable sequence space £, and the sequence space bv of bounded variation (see [18, 19, 20]).
Moreover, a very recent paper on the fine spectrum of generalized difference operator A3 on the Hahn
sequence space h, which is included by #; and bv, has been studied by Malkowsky at al [10].
Moreover, some spectral studies of the Norlund type matrix on some sequence space have also been
calculated (see [11, 12, 13, 14]).

In this paper, we defined a Norlund type matrix A = (a,,;). Then, we showed that A = (a,;) is a
linear and bounded operator on the sequence spaces ¢; and bv. Moreover, we calculated the fine
spectrum and its subdivisions on the sequence spaces ¢; and bv.

As a natural continuation of this paper, the fine spectrum of the Norlund type matrices on the Hahn
sequence space h and on the generalized Hahn sequence space h, and h5, where 1 < p < oo, which

was defined and studied by Malkowsky at al [21], Malkowsky [22], and Tug at al [23], respectively,
can be studied.

6. Author’s Contribution

We confirm that the manuscript has been read and approved by all named authors. We also confirm
that each author has the same contribution to the paper. We further confirm that the order of authors
listed in the manuscript has been approved by all authors.

7. Conflict of interest
There is no conflict of interest for this paper
8. Acknowledgment

We would like to express our great attitute to the potential reviewers who reviewed the paper and put
their remarkable comments to improve the readibility of the paper.

References

[1] Choudhary B, Nanda S. Functional analysis with applications. John Wiley & Sons; 1989.

[2] Appell J, De Pascale E, Vignoli A. Nonlinear spectral theory. InNonlinear Spectral Theory
2008 Aug 22. de Gruyter.

[3] Hardy GH, Divergent Series, Oxford University Press, London, 1956.

[4] Mears FM. The inverse norlund mean. Annals of Mathematics. 1943 Jul 1:401-10.

[5] Mears FM. Some multiplication theorems for the N6érlund mean.




Eurasian J. Sci. Eng., 9(2) (2023), 195-207 Page |207

(6]
[7]

(8]
(9]

[10]

[11]

[12]

[13]
[14]
[15]
[16]
[17]

[18]

[19]

[20]
[21]
[22]

[23]

Kayaduman K, Yasar F. On Domain of Norlund Matrix. Mathematics. 2018 Nov 20; 6(11):
268. https://doi.org/10.3390/math6110268

Tug O. On the Domain of Norlund Matrix in the Space bv of Bounded Variation Sequences.
Eurasian Journal of Science and Engineering. 2017; 3(2): 111-20.
https://doi.org/10.23918/eajse.v3i2pl1l

Tug O, Basar F. On the domain of Noérlund mean in the spaces of null and convergent
sequences, TWMS J. Pure Appl. Math. 2016; 7(1): 76-87.

Tug O, Basar F. On the spaces of Norlund almost null and Norlund almost convergent
sequences. Filomat. 2016 Jan 1; 30(3): 773-83. https://doi.org/10.2298/FIL1603773T
Malkowsky E, Milovanovi¢ GV, Rakocevi¢ V, Tug O. The roots of polynomials and the
operator A i 3 on the Hahn sequence space h. Computational and Applied Mathematics. 2021
Sep; 40(6): 222. https://doi.org/10.1007/s40314-021-01611-6

Okello IA, J. R. Akanga, Augustus NW. On the spectrum of a special Norlund matrix as an
operator on c,. Journal of Mathematical Science. 2017; 28(1): 35-45.

Okello A, Akanga JR, Augustus NW, A special Norlund means and its spectrum.
International Journal of Mathematical Analysis. 2017; 11(13): 647-656.
https://doi.org/10.12988/ijma.2017.7547

Coskun C, A special Noérlund mean and its eigenvalues. Commun. Fac. Sci. Univ. Ank. Ser.
Al, Math. Stat.. 2003; 52(01): 27-31. https://doi.org/10.1501/Commual 0000000346

Raj K, Mohiuddine SA, Jasrotia S. Characterization of summing operators in multiplier
spaces of deferred Norlund summability. Positivity. 2023 Feb; 27(1): 9.

Kreyszig E. Introductory functional analysis with applications. John Wiley & Sons; 1991 Jan
16.

Goldberg S. Unbounded linear operators: Theory and applications. Courier Corporation;
2006.

Okutoyi JT. On the spectrum of C1 as an operator on bv, Commun. Fac. Sci. Univ. Ank. Ser.
A.1992; 1(41): 197-207.

Bilgic H, Furkan H, On the fine spectrum of the operator B(r, s, t) over the sequence spaces
£, and bv. Mathematical and computer modelling. 2007; 45(7-8); 883-891.
https://doi.org/10.1016/j.mcm.2006.08.008

Furkan H, Bilgi¢ H, Kayaduman K. On the fine spectrum of the generalized difference
operator B(r, s) over the sequence space £, and bv." Hokkaido Mathematical Journal. 2006
November; 35(4) 893-904. https://doi.org/10.14492/hokmj/1285766434

Akhmedov A M, F. Basar. "The fine spectra of the difference operator A over the sequence
space bvy,(1?p < 0)." Acta Math. 278 Sin. Eng. Ser. 2007; 23 (10):1757-1768.
Malkowsky E, Rakocevi¢ V, Tug O. Compact operators on the Hahn space, Monatsh. Math.
2021; https://doi.org/10.1007/s00605-021-01588-8

Malkowsky E. Some Compact Operators on the Hahn Space, Scientific Research
Communications. 2021; 1(1):1-14. https://doi.org/10.52460/src.2021.001

Tug O, Malkowsky E, Hazarika B, Yaying T. On the New Generalized Hahn Sequence
Space hdp. InAbstract & Applied Analysis 2022 Sep 16.
https://doi.org/10.1155/2022/6832559



https://doi.org/10.3390/math6110268
https://doi.org/10.23918/eajse.v3i2p111
https://doi.org/10.2298/FIL1603773T
https://doi.org/10.1007/s40314-021-01611-6
https://doi.org/10.12988/ijma.2017.7547
https://doi.org/10.1501/Commua1_0000000346
https://doi.org/10.1016/j.mcm.2006.08.008
https://doi.org/10.14492/hokmj/1285766434
https://doi.org/10.1007/s00605-021-01588-8
https://doi.org/10.52460/src.2021.001
https://doi.org/10.1155/2022/6832559

