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1. Introduction

Differential equations (DEs) form the cornerstone of modern physics, providing the fundamental
framework for modeling real-world phenomena—from terrestrial fluid dynamics to stellar forma-
tion—often expressed as initial/boundary value problems involving 2"¢-order nonlinear ODEs. In
astrophysics, Lane [1] and Emden [2] independently derived a seminal equation describing the self-
gravitational equilibrium of gas with a constant polytropic index or uniform isothermal temperature.
Known as the Lane-Emden equation, which take the generalization form as

2
m 2D fy) =) x>0
subject to the initial conditions (ICs) y(0) = yo and y'(0) = 0 , whereas x, y are nonlinear functions
expressed by f(x,y). The Lane-Emden type equation previously discussed exhibit a singular behavior
at x = 0. It is therefore possible to solve this kind of problem analytically in the neighbourhood of the
singular point [?]. Several astrophysical phenomena can be modeled by the function f(x,y) in Eq. (1),
including stellar structure configurations, thermodynamic properties of spherical gas clouds, and
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equilibrium states of isothermal gas spheres. In practical applications, f(x,y) is most widely expressed
as

2) flx,y)=y", y(0)=1, y(0)=0 and g(x)=0.

Consequently, the nonlinear canonical Lane-Emden equation takes of the nonlinear ODE form.

d’y 2dy
3 —2 4=y,
3) dx2+xdx+y

1 d Zdy mo__
= Zdx <x dx> =0,

with the polytropic index m governing the system’s thermodynamic properties.

The Lane-Emden equation with the given ICs y(0) = 1 and y'(0) = 0, is a dimensionless form of
Poisson’s equation for a Newtonian, spherically symmetric, self-gravitating polytropic fluid. Eq. (3)
shows how a spherical cloud of gas behaves thermally when its molecules are attracted to one another
and when the classical rules of thermodynamics are applied. An other nonlinear representation of
f(x,y) is given by the exponential form

“ fxy)=¢.

The functional form of Eq. (4) is substituted into Eq. (3) gives

d’>y 2d .
5) it e o
xdx
This characterizes isothermal gas spheres, where no change in temperature occurs. With f(x,y) =e™?,

Eq. (3) becomes

d’y 2dy _

This formulation provides a fundamental model for thermionic current theory, originally characterized
in detail by Richardson’s pioneering work [3]. For m = 0, 1, and 5, Chandrasekhar [4] and Datta
[5] have obtained exact solutions of Eq. (3). [6] In the case where m = 5, the system admits just a
one-parameter family of solutions. The standard Lane-Emden equations generally require numerical
solution methods for arbitrary values of m. The inherent singularity at the origin x = O presents signif-
icant computational challenges, affecting both linear and nonlinear initial value problems in quantum
mechanical systems and astrophysical modeling, including the Lane-Emden equations themselves.
Analytical methods of the Lane—-Emden equations typically rely on perturbation theory or series ex-
pansion methods to derive solutions. The authors Dehghan and Shakeri have developed the variational
iteration approach for approximating the solution of a DE that arises in astrophysics [7]. In order
to solve the Emden-Fowler problem, Govinder and Leach [8] suggested the Lie and Painleve analysis
procedures. Singh et al. have introduced an effective analytical technique that is utilizing an an adapted
homotopy analysis approach [9]. Muatjetjeja and Khalique in [10], successfully solved the generalized
Lane-Emden equations of the first and second types.

Recently, Various machine learning and artificial intelligence techniques have been applied to solve
initial and boundary value problems, especially Artificial Neural Networks (ANN). There are many
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advantages of using ANNs for approximate solutions. Regardless of the problem’s dimensions, ANN
trial solutions only use one independent variable. Throughout the whole integration domain, the ap-
proximate solutions are continuous. Additionally, most other numerical techniques are iterative in
nature, the step size must be set before the computation begins. The step size must be set before the
computation starts because approximate methods are iterative in nature. If, after obtaining the solution,
we want to know it in between steps, we must restart the process from the beginning. One solution
that could help us get past this iteration cycle is ANNs. We may also make use of it a black-box tool to
generate numerical results at arbitrary points within the domain. Meade and Fernandez [11, 12], inves-
tigated by employing the use of linear B1-splines as basis functions in a feedforward neural network
model, Lagaris et al. [13],combined the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton
optimization approach and neural networks in order to solve both ODEs and PDEs. Additionally, mul-
tilayer perceptrons were implemented within the network architecture to resolve boundary value prob-
lems associated with irregular geometries[14]. While the neural networks-based methods have become
popular for solving ODEs and PDEs, traditional methods like modified cubic B-Spline finite element
technique are still significant because of their guaranteed existence, uniqueness, and convergence prop-
erties [15], and semi-implicit finite difference method for the Cahn-Allen equation that preserves sta-
bility and convergence [16]. For solving both lower and higher order ODEs, A hybrid strategy based
on ANNs and optimization techniques was presented by Maleck and Shekari Beidokhti [17]. A vari-
ation of the kernel least mean squares method that is unsupervised has been proposed by Yazid et al.
[18], for the solution of ODEs of the first and second orders. New methodologies for matrix Riccati
differential equation solutions were developed by Selvaraju and Abdul Samant [19]. Multilayer per-
ceptrons and radial basis function (RBF) neural networks with a novel unsupervised training technique
have been proposed in [20] as numerical solution of the nonlinear Schrodinger problem. Aarts and
Van der Veer used evolutionary algorithms to evaluate PDE and IVPs in [21]. He et al. [22] used
feed forward neural networks in combination with the extended back propagation algorithm to solve
a class of first-order PDEs. Hoda and Nagla. [23] have proposed an alternative method for resolv-
ing mixed BVPs over irregular domains. An ANN approach for solving mixed boundary value issues
with irregular domains was introduced by Mcfall and Mahan [24]. In order to solve DEs using neural
networks, Leephakpreeda [25] devised a fuzzy language model. The neural network model has been
investigated by Manevitz et al. [26] to resolve the mesh adaptation problem for time-dependent PDE
using the finite-element method. Mai-Duy, Tran-Cong’s and other in [27] used multi-quadric radial ba-
sis function neural networks to solve elliptic PDEs, ODEs and linear differential equations without the
need for meshes. The work of Jianyu et al. [28] introduced a computational methodology employing
radial basis neural networks to obtain numerical solutions to elliptic PDEs. To solve Fredholm integro-
differential equations numerically, Jackiewicz et al. [29] developed a computational system based on
neural networks. To be able to solve the problem of unstable solid-gas reactors, Parisi et al. [30]
employed unsupervised neural networks. Radial basis function neural networks and multilayer per-
ceptrons were investigated by Kumar and Yadav to solve differential equations [31]. A neural network
approach that uses regression was proposed by Mall and Chakraverty [32] to solve ODEs. Recently,
physics-informed neural networks (PINNs) have been proposed as a tool to solve nonlinear PDEs, but
they have been shown to be ineffective for stiff problems and infinite domains. To address these chal-
lenges, spectrally adapted PINNs are introduced to incorporate adaptive spectral methods and PINN's
to solve well the problems of unbounded domain efficiently [33]. Similarly, the self-adaptive PINNs
(SA-PINNs) [34] incorporate trainable weights for each training point to automatically select the more
challenging solution regions, resulting in improved accuracy compared to other state-of-the-art PINNs
algorithms with fewer training epochs.

The experiments for harder nonlinear problems like m = 3 or m = 5 would further support the work,
as would be a full comparison with modern Physics-Informed Neural Networks (PINNs), adaptive
deep-learning solvers, the convergence analysis, CPU-time comparison, complexity analysis, or a ro-
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bustness study; work on the latter would be helpful. In the present study, due to scope limitation, a
complete implementation of PINN, an analysis of its convergence, CPU-time comparison, complexity
analysis and robustness study for more challenging nonlinear cases, e.g., m = 3 and m = 5 has not been
performed.

The conventional methods of ChNN are focused mainly on general function approximation; the pro-
posed method of SChNN is used for the specific integration of shifted spectral basis functions in
the structure of the neural network training for nonlinear singular boundary value problems. The
hybridization not only enhances the representation capability of the network but also maintains the
orthogonality and convergence properties of shifted Chebyshev polynomials. Furthermore, it is more
compatible with the boundary conditions imposed on the positive domain and also increased the nu-
merical stability around the singular points. Reducing the complexity of mapping, and transformation
erTors.

2. Preliminary

This section provides definitions and fundamental characteristics of the shifted Chebyshev polynomials
and Shifted Chebyshev Neural Network that will be used to support the suggested method.

2.1 Shifted Chebyshev Polynomial

Modeling a variety of physical processes, such as chemical reactions and spring-mass systems requires
the use of nonlinear differential equations. In order to find solutions for NDEs, reference [35] uses the
Shifted Chebyshev collocation matrix approach. By applying the method, the problem is converted
into a matrix equation comprising nonlinear algebraic equations with Shifted Chebyshev coefficients
as unknowns. The least square methods was introduced in [36], [37]. The authors in [38] investigate
the shifted Chebyshev approach to high-order ODEs. The shifted Chebyshev collocation method for
nonlinear differential equations is improved in this study.

) Y Y 0us 0y ey 0+ Y Y Py ey () = f(),
k=0s=0 k=1s=1
subject to conditions
m—1
(8) Z (a,-ky(k) (a)+ b[ky(k) (b)+ c;ky(k) (C)) =0 i=0,1,....m—1,
k=0

in which the functions y(?) (x) = y(x) and y(x) € C"[0,L] are unknown parameters. The known values
Ok 5(x), P s(x) and f(x) are determined on interval [0, L].

The truncated shifted Chebyshev series will be used to display the numerical solution of Eq. (7) from
Eq. (8).

N
) wx) =Y aTf (x), xel0,L].
r=0

With N > m and N might be any positive integer. However, the following recurrence relationship can
also be used to produce r =0, 1,...,N for shifted Chebyshev polynomials, we denote 7;* NEYN

2x

Tien) =2 (1) T 00 Ty (0, 7= 1.2,

When 7o (x) = 1, T (x) = % — 1. The shifted Chebyshev polynomilas 7", (x) of degree r has the
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following exact form:

* =r Y 1\ (r+p—1)! (2)2pxp
(10) Ty, (x) = pgb( D o)Ly

For T/,(L) = 1 and T}, (0) = (—1)". The condition of orthogonality shown as
L
| T T (o) = i

where h; = bjn/2,bg =2,b; = 1,k > 1, and wy (x) = (Lx —x2) -1z using Eq. (7),the k-th derivatives
of 7", (x) are obtained .

* . r - r4p—1)1(2)% xP=k
(11) (TL,r)“‘)(x):TL,/‘(x):rp;n(—l) pp—1).(p—kt 1) (f—p))z((zzzﬂﬂ‘ ’

where p > m— 1.

2.2 Shifted Chebyshev polynomial Method

To determine the k-th derivatives of the approximate solution yy(x), we use Eq. (9).

(12) Zar 1, Za,

From (7), (9) and (12), we get

m n N S /N k
Z ZQk,s(x) (Z arTL*,r(x)> (Z arTL*r>

k=0s5=0

+iipk’s (Za, )(Zar >: x).

k=1s=1

(13)

Collocating Eq. (13) at N —m+ 1 points x,,p = 0,1,...,N —m leads to

55 0t (ZT) (zar o )

(14) °

m m

+];1 ;Pk,x (xq (Zar Lr xq ) (Z]{arlef(xq)> :f(xq)'

Where x,, is the root of 7;° n(X). Furthermore, the following k equations are obtained by applying Eq.
(12) to the conditions in Eq. (8):

m—1 N N N
(15) Z <al~k Z arTgf(a) +bix Z arTZ’rk(b) +cik Z arTZf(c)) =q, i=0/1,....m—1.
k=0 r=k r=0 r=0

Eq. (14), together with ks- equations from the conditions Eq. (15) give ( N + 1 ) nonlinear algebraic
equations (NAEs). The NAEs are solved to get the unknown shifted Chebyshev coefficients. N a, (r =
0,1,...). Consequently, With the use of calculated yy(x) we can have an estimate of y(x) given in Eq.

).
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2.3 The architectural framework of Shifted Chebyshev Neural Network

The single-layer Shifted Chebyshev Neural Network (SChNN) model is made up of a Shifted Cheby-
shev polynomial expansion block, an input node and an output node. To improve the input structure,
shifted Chebyshev polynomials are applied within the numerical transformation and learning segments
of the model. Considering the input data as x = (x,x,... ,xh)T, where x consists of h data points and
Shifted Chebyshev polynomials, which are orthogonal and also obtained as solutions to the shifted
Chebyshev DEs. we referred the first two pair of Shifted Chebyshev polynomials as

TO* (x) =1,
Ty (x) = x
T5(x)
N(x, p)
: : tanh (.)
SChNN
output

Input layer
Output layer

\EO"'VJ:w"Uxm <ro:rw%u7ru:rn‘

Figure 1: architectural framework of Shifted Chebyshev Neural Network.

The well-known recursive formula can be used to construct the higher order Shifted Chebyshev poly-
nomials.

(16) rﬂ—l (x) = 2xTr* (X) - Tr*—l (X),

when T,*(x) represents a Shifted Chebyshev polynomial of rth order. Here, m dimensional enhanced
Shifted Chebyshev polynomials are created by expanding the n» dimensional input pattern. The SChNN’s
advantage is that it uses a single layer network to produce the desired outcome. Even if the Shifted
Chebyshev polynomial is used to increase the input’s size.

Figure 1 illustrates the network architecture featuring a single-node input layer, a single-node output
layer, and the first five Shifted Chebyshev polynomials.

The input variable x represented as the start point of the proposed network expanded with Shifted
Chebyshev polynomials to come up with a set of transformed features. Then a corresponding weight
multiplied with each of these features and added through a weighted summation in the } node. The
resulting value is transmitted by use of a hyperbolic tangent. tanh activation, which is the addition of
nonlinearity to the network, and allows the network to approximate complicated relationship structure.
The result of this activation function, which is denoted as N(x, p), is the last output of the network, or
the SChNN output. In this architecture, Shifted Chebyshev expansion can be integrated with neural
processing in an effective way in order to improve approximation and learning.
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Note: The notations has the same meaning since they are all referred to the “shifted chebyshev poly-
nomial”. The notation 7", (x) and 7. (x), are the definition of shifted chebyshev polynomial, while the
notation Tj*_l (x) is the definition of “shifted chebyshev polynomial involving the neural network”.

3. Shifted Chebyshev Neural Network for ODE Solutions

In this section, we aim to apply the SChP alongside with the neural network techniques to come up with
a numerical neural method that can be used to solve nonlinear DEs. Moreover, we will analogously
going to consider the L2 norm to find the minimum error.

3.1 SChNN learning algorithm

The learning algorithm minimizes the error function through gradient-based optimization of network
parameters p. Using error back propagation, the SChNN iteratively calculates the error gradient with
respect to p in order to update its weights. (tanh(z)) is the activation function, which is the tangent
hyperbolic function.

With input data x and parameters (weights) p, the network output can be calculated as following

(17) N(x,p) = tanh(z).

The linear sum z in this case is given as
m
(18) e=) wiTj(x),
j=1

where 77" (x) is the SChP of the neural network, x = (x1,x2,... ,x5)" represent the input data, and the
weight vectors is the w; with j = {1,2,3,...,m} .
Now, the back propagation principle can be used to modify the weights of SChNN.

J anwk

OE(x,p)k
(19) WA = ko Ak =k (n(x ) )
J

where £ is the iteration step that is used to update the weights in an ANN as usual, E(x, p) is the error
function, and 7 is the learning parameter.

Following this, we focus on establishing ANN architectures for general DE systems, after which we
investigate a general DE that can be used to express partial or ordinary differential equations.

(20) G (x,y(x),Vy(x),sz(x), ... ,V”y(x)) =0, xeDCR",

where D is the discretized domain over a finite set of points, V is the differential operator, y(x) is the
solution, and G is the function that establishes the structure of the DE. For ODEs, x € D C R, and
for partial differential equations, x = (x1,x2,...,x,) € D C R". The following general DE takes on a
different form where the trial solution with modifiable parameters (weights) p is denoted by y;(x, p).

(21) G (x,1(x, p), Vye (x, p), V2yi (x, p), ... V'yi (x, p)) = 0.

The following minimization problem is obtained from the corresponding problem.
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(22) m1n Z (x,3:(x,p), Vyi(x,p),V 2y,(x, p), - ,V"y,(x,p)))z.
xED

3.2 The proposed Shifted Chebyshev Neural Network (SChNN) algorithm

In the SChNN framework, the parameterized trial function y;(x, p) with parameters p is formulated as

(23) Yi(x, p) = A(x) + F(x,N(x, p))-

The initial/boundary conditions are firmly enforced by the first term A(x) without tunable parameters,
while the second term F(x,N(x, p)) represents the SChNN’s parameterized output that processes the
input x through adjustable weights p. As previously discussed a single-layer SChNN, characterized by
input x and parameters p, comprises one input and one output node, expressed as N(x, p).

(24) N(x,p) = tanh(z),

whereas the Y}il(x) indicates the corresponding set of Shifted Chebyshev polynomials as well as
z= Y w;T/(x) and w; is the weight vectors of the SChNN.
The general form of the ODE’s associated error function can be expressed by

h n . . n—1 ) 2
25) E(x,p) = Z;{dyt(xhp) _f<xi7))t (), D) Ay (x,,p)>} |

Pt dx" dx dx1

To minimize the error function E(x, p), we calculate its derivative concerning the network parameters
and update the weights accordingly. As a result, the network’s output gradient in relation to its inputs
is calculated.

As our focus is to address the Lane—Emden type second-order DEs, let’s now turn our attention to the
general formulation of second-order ODEs.

The DE that has been focused on can be expressed as

d?y dy
W _f <x7y7dx> X e [aab]'

The solution for the SChNN trail with the ICs y(a) = A, y'(a) = A’
can be expressed as

(26) Ye(x,p) =A+A' (x—a)+ (x—a)’N(x,p),

at which N(x, p) is the SChNNSs output along with x and p are its only inputs. In terms of ICs, the trial
solution y;(x, p) is satisfied.
In order to reduce the error function, it is represented as

h ‘ 2
@7 E(x Z% (dyt(x”p) f[xi,yt (xi,p),dy’(x”p)D :

~ dx? dx

The following rule determines how the weights of the input and output layers are changed.

e 0 =it (025520
J
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Here

(29) JE(x,p) — J <i1 <dzy’(x“p) —f {xhyt (xhp)’dy;(xi,p)]>2> ]

ow; ow; \ &2 dx? dx

Lastly, the approximate solutions can be obtained by plugging the converged SChNN results into Eq.
(26).

4. Evaluation and Interpretation of the results

In this part of the work, we study both the homogeneous and the non-homogeneous Lane-Emden
equations to show how well our new method performs on each one. The model is trained with different
sets of training points such as, 10, 15 and 20 because the speed at which it converges really depends
on the problem in front of it. For every example we present exactly how many points we chose, since
that choice is what balances accuracy with the overall quality of the results.

Homogeneous Lane-Emden Equations

subject to y(0) = 1,y'(0) = 0 conditions.

4.1 Example 1

For m = 0, the equation becomes linear ODE

d’y 2dy
30 —~4+-——+1=0
(30) dx2+xdx+ ’

subject to y(0) = 1, y'(0) = 0 conditions.

The Analytical solution of Eq. (30) can be defined as

(31 Y =1-2.
The SChNN trial solution is written as

(32) (x,p) = 1+2°N(x, p)

The following weight function was obtained after solving the nonlinear neural network equations.

(33)
wi = —0.166667, wr =0, w3 =—8.32667 x 10~17, ws=—8.32667 x 10~"7, ws =5.5511x 1077,

And the approximate solution is given as

yn = 1 +x*Tanh [0.166667 4 2.6090 x 10~ 2x —1.22125 x 10~ '*x* +1.68754 x 10~ '*x’—

34
9 7.10543 x 10~ °x*] .

The training process utilizes ten points, equally distributed over the interval [0, 1] with the first five
Shifted Chebyshev polynomials. Comparison between analytical and Chebyshev neural solutions and
SChNN solutions with random weights is provided in Table 1. Comparison between analytical and




Eurasian J. Sci. Eng., 2026, 12(1), 23-38

32

SChNN results is illustrated in Figure 2. Finally, plots of error between analytical and SChNN results

are illustrated.

The graph is shown in the figures below is the analytical with approximate solutions, and error for

T T
1.00 | == = = :
— — 0.0015 Error Plot
\\ =
~ .. Error
s
0.95+ \ b Y,
\\ 0.0010 - 7
N
0.90} \ [
N 0.0005 -
Output Plot r
= Analytical result
0.85 \f
- Shifted Chebyshev neural results I X
. L " " \ . 00000 — = = s . ]
0.0 0.2 04 06 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Plot illustrating the exact and approximate solutions and corresponding error for N = 6.
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Table 1: Error of Example 1 for N = 6.

Analytical result | ChNN result | Shifted ChNN result | ChNN Errors | Shifted ChNN Errors

0 1 1. 1 0 0
0.1 0.99833 0.9993 0.99835 0.0010 0.0000152625
0.2 0.99333 0.9901 0.99339 0.003 0.0000610501
0.3 0.985 0.9822 0.98514 0.0028 0.000137363
0.4 0.9733 0.9766 0.97358 0.0033 0.000244201
0.5 0.95833 0.9602 0.95972 0.0019 0.000381563
0.6 0.94 0.9454 0.94055 0.0054 0.000549451
0.7 0.91833 0.9139 0.9191 0.0044 0.000747864
0.8 0.89333 0.8892 0.8943 0.0041 0.000976802
0.9 0.865 0.8633 0.86624 0.0017 0.00123627

1 5/6 0.8322 0.83486 0.0011 0.00152625 .

In order to prove the efficiency of the proposed SChNN method, the results obtained are compared
with those of the previous studies that adopted other numerical methods. The proposed approach gives
much smaller errors than those in ChNN method [39] as illustrated in Table 1. It means that the hybrid
Shifted Chebyshev polynomial neural network methodology is better at resolving the specified ODE
problems and demonstrate the effectiveness and reliability of the proposed technique.

4.2 Example 2
Let us consider Lane-Emden equation for m = 1
d’y 2dy

35 Y ZE Lo
(35) dx2+xdx+y ’

with ICs y(0) =1, y'(0) =0.
The Analytical solution of Eq. (35) can be given as

sin(x
(36) y(x) = ) .
X
The trial solution of SChNN is written as
(37) Yi(x,p) = 14+¥N(x,p).

The following weight function was obtain after solving the nonlinear neural network equations.

wy = —0.1635953, w, = 0.0040809, w3 = 0.0009989 x 10~!7

(38)
ws = 1.4036326, ws = 1.4036325513833159 x 107,

And the approximate solution is given as

yn = 1 —x*Tanh [0.166664 + 0.000094x + 0.00880x>

(39)
-+0.00074x> —0.0001796x"] .

The training process utilizes ten points, equally distributed over the interval [0, 1] with the first five
Shifted Chebyshev polynomials. Comparison between analytical and Chebyshev neural solutions and
SChNN solutions with random weights is provided in Table 2. Comparison between analytical and
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SChNN results is illustrated in Figure 3. Finally, plots of error between analytical and SChNN results

are illustrated.

The graph is shown in the figures below is the analytical with approximate solutions, and error N = 5.

1.00

0.0012

Error Plot

Error

0.0010
0.95 ~ [

0.0008 -

0.0006 -
090}

0.0004 |

Output Plot \\

0.85

== Analytical result

«  Shifted Chebyshev neural results

T L (—
0.0 0.2

S —— !
0.6 0.8

0.0002 -

0.0000 -
IS
0.0

P T
0.2

0.4

NI
0.6

MR
0.8

Figure 3: Plot of Example 2 of exact with approximate solutions, and corresponding error of N =5

Table 2: Error of Example 2 for N = 5.

Analytical result | ChNN result | Shifted ChNN result | ChNN Error | Shifted ChNN Errors

0 1 L. 1 0 0
0.1 0.998334 0.9975 0.998349 0.0035 0.000015216
0.2 0.99347 0.9905 0.993407 0.0028 0.000060591
0.3 0.98507 0.9839 0.985203 0.0012 0.00013551
0.4 0.97355 0.9734 0.973785 0.0001 0.000238753
0.5 0.95885 0.9598 0.959219 0.0009 0.000368309
0.6 0.94107 0.9417 0.941592 0.0006 0.000521456
0.7 0.92031 0.9210 0.921006 0.0007 0.000695116
0.8 0.896695 0.8925 0.897582 0.0042 0.000886457
0.9 0.87036 0.8700 0.871457 0.0004 0.00109376

1 Sin[1] 0.8431 0.842789 0.0016 0.00131754 .

An analogous comparison is performed with regards to the Example 2, as referred to in Table 2. The
obtained numerical results of the proposed SChNN method are compared with the ones provided in
[39] of the same problem. As it can be seen, the proposed approach has smaller numerical errors,
which once again testifies to the validity and efficacy of the suggested method.

5. Concluding remarks

In this study, we leverage the powerful approximation properties of Shifted Chebyshev Polynomials
to develop a model based on neural networks for solving Lane-Emden type equations.The proposed
approach effectively combined the learning capability of neural networks with the spectral accuracy
of Chebyshev polynomials, resulting in a highly accurate, stable, and efficient computational method.
Through several benchmark examples, the model demonstrated excellent performance in approximat-
ing solutions to nonlinear Lane—Emden equations, often outperforming traditional numerical methods.
The results confirm that this hybrid technique not only handles the singular behavior at the origin but
also maintains high precision across the domain. Future work could extend this framework to ad-
dress more complex boundary conditions, higher-dimensional problems, and systems of differential
equations, further enhancing its applicability in mathematical physics and astrophysics
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6. Conclusion and Discussion

The authors are asked to write a section at the end of the research that summarizes their findings,
explains the contribution to novel science in the field, and explains why this research is more impor-
tant than other recent research. Moreover, we encourage the authors to present some concrete open
problems at the end of the conclusion for readers and young researchers.
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