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1. Introduction

Reinforced concrete is a composite material, this indicates that it is made up of various constituent
materials with a wide range of properties that work well together. In the case of reinforced concrete,
concrete and steel are most commonly used as component materials [1]. A flat composite structural
element is typically thought of as a laminated plate, which is made up of multiple layers bonded
together, each with a different strength. Stiffness, weight reduction, and other characteristics that could
be enhanced by making a composite [2]. A long time ago, the effectiveness of classical methods and
first order shear theory in the analysis of laminated plates was proven. Some technical aspects must be
considered when analyzing the structural behavior of composite laminated structures, such as
reinforced concrete slabs. Going back to the history of plates, Euler made the first inference to the
plate issues mathematical statement in 1776 [3]. Since then, many differential equations have been
invented. In the 19th century, many plate theories have been developed, including Navier's, Bernoulli's,
Lagrange's, Saint- Venant's, and Kirchhoff's, which introduced theories for thin plate analysis [4]. As
an extension of the classical plate theory (CPT), the classical laminated plate theory (CLPT), applied
to laminated plates, was the first theory for analyzing laminated plates [5]. Reddy and Robbins Jr [6]
exhibited a study of multiple layer-wise laminated plate theories and equivalent single layer. Liu and
Li [7] developed a summary of laminated plate theories according to generalized Zigzag theories, the
suggested global-local double-superposition theories, layer-wise theories, and the displacement
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theories. Altenbach [8] shown off a review of theories for sandwich plates and laminated. Ghugal and
Shimpi [9] discussed different equivalent layer-wise and single layer laminated plate theories based
on displacement and stress. Reddy and Arciniega [10] presented a summary of shell theories and shear
deformation plate. Kant and Swaminathan [11] provided a selective study and overview of theories,
with a focus on transverse/interlaminar stress estimate in laminated composites, since 1967, Mittelstedt
and Becker [12] conducted a selective literature review on the free-edge impact. Pagano applied the
elasticity theory of three-dimensional to provide analytical solutions for laminated plates in bending,
he demonstrated that when the side to ratio of thickness increases, the classical laminated plate theory
(CLPT) becomes less accurate [13]. Shvan [14] tested eight concrete slabs that the results indicated
that the classical plate theory formulas to determine the stresses within elastic range gave a significant
error in the result compared with the experimental, while the value of the deflection agreed with the
experimental. Classic theories have been less applicable as computers have developed and new
software based on the FEM has become available [15]. This study is aimed to apply First order shear
theory and Classical laminated plate theory to evaluate maximum deflection and bending stresses
values in square reinforced concrete slabs, laminated plate theory analytical findings were compared
to experimental and FEM results from previous studies.

2. Methodology
2.1 Classical Laminated Plate Theory

The classical laminated plate theory (CLPT) is a composite laminates extension of the classical plate
theory (CPT), although it is unsuitable for flexural analysis of moderately thick laminates [16].
According to Reissner and Stavsky [5], it provides relatively accurate answers to a variety of
engineering issues, including thin composite plates. The transverse shear stress components are
ignored in this theory, which models a laminate as a layer of equivalent singles.

In Kirchhoff theory, straight lines normal to the xy-plane before deformation stay straight and normal
to the mid-surface after distortion, according to a fundamental assumption for plate bending
deformation [2].

Based on this assumption, the CLPT displacement field is as below:

(1) c(6,y,2) = ¢o(x,y) — 2522
@ d(x,y,2) = d(x,y) 252
® ©0(6,y,2) = w,(x,)

where c,, d, and w,, are the displacements with the coordinate lines of a xy-plane material point. To
calculate the strains, utilize the following strain-displacement relations for small strains:

— a& _ 0%w,
(4) Cxx= ox z 0x2
(5) €,,= o _ ;2%
YT ooy dy?
1 , 0oy _ 0%,
(6) Cxy= 2 (63/ ox ) 0xdy
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In CLPT, the transverse strains are zero.

As a result, the constitutive equations are as follows:
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Where Bj the bending-extensional coupling stiffnesses, Dj the bending stiffnesses and Aj are

extensional stiffnesses.

As a result, the governing equations are as follows:

aNxx any —
(9) ax t ay -
ONyy | ONyy
(20) 3y Pk 0
azMxx azMxy 62Myy
(11) dx2 +2 dydx ayz q

2.2 First Order Shear Deformation Theory

The transverse planes that are initially normal and parallel to the plate's mid-plane, are supposed to
stay straight but not inevitably normal after deformation in the first order shear deformation theory
(FSDT), and for modifying the transverse shear stress, shear correction factors are applied, and all

across the thickness of the plate are constant [2].

Solutions based on FSDT; the below displacement field could be supposed:

(12)
(13)

(14)

C(x'y'Z) = Co(x’}’) - Z(:bx
d(x'yJZ) = do(x'y) _Z¢y

w(x,y,2) = w,(x,y)

Where ¢, and ¢, are the rotations of a transverse normal about the x- and y-axes, respectively. The
strain-displacement relations for small strains in FSDT are:

_0c , 0¢x
(15) EXX_ x 4 x
_ody 09y
(16) €yy= G272
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_(17) Exy_ 2 (ay + ax) + Z( dy
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As a result, the constitutive equations are as follows:

Nix Ay Az Age] Sxx By Biz Bis](€x
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M, Bs1 Bs2 Besl (€x,°) Ds1 D2 Dgsl (€
K is the shear correction coefficient and its value is 5/6 [2].
As a result, the governing equations are as follows:
ONyy , ONxy
(20) ax ay -
ONyy | ONyy
(21) % T = 0
00x | 99y _
(22) ox ay -
oM oM
oM oM
(24) ny + Wyy —Qy=0

2.3 Navier Approaches

For rectangular laminates simply supported with stiffnesses of Ais, Azs, B1s, B2s, Dis, D26, and Ass that
are zero, Navier solutions can be applied [2].

boundary conditions:

¢ (%,0) =0, ¢,(x,b) =0,d,(0,y) =0, dy(a,y) = 0,w,(0,y) =0, w,(a,y) =0,
0, (%,0) = 0,w,(x,b) =0, Ny (0,y) =0, Nyx(a,y) =0, N, (x,0) =0,

Ny, (x,b) = 0, My, (0,y) = 0, Myy(a,y) =0, M,,,,(x,0) = 0, M,,,,(x,b) = 0,
$y(0,y) =0,y (a,¥) =0, p(x,0) =0, p(x,b) = 0.

The following expansions satisfy the boundary conditions:

(25) Co(X,¥) = Xn=1 Lm=1 Cmn COS ax sin By
(26) do(x,¥) = Xn=1Xm=1Dmn cos By sinax
(27) Wo (X, ¥) = Yin=1 Lm=1 Winn sin ax sin By
(28) $x(x,y) = Xn=1 Xim=1Xmn COS ax sin By
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(29) by (X, ¥) = Xn=1 Xm=1Ymn cOs By sinax

Where o ==/ aand B ===, and Cpun , Dinns Wi, Ximn » Y are coefficients to be determined.

In double sine series, the mechanical transverse load q must be extended. Therefore:
(30) q(x,y) = Xn=1Xm=1Cmn sinax sinfy

For distributed load:

(31) Qmn = 4 (sin ax sin By)

mni?

differential operator form can be written in CLPT by expanding loads and generalized displacements
in a double trigonometric series according to unknown parameters:

ki1 kiz ki3] (Co 0
(32) [k21 ks k23] {d0}={ 0 }
k31 kzz kszd\wo) \Qmpn
where coefficients k;; are defined by:
kiy = Ay10% + AgB?, ki = (A12 + Ags)aB, kiz = —(3B16a® + Bysf?)P,

koy = Age@® + Aza %, kyz = —(Bisa® + 3BysB?)at , kaz = Diga*+(2D1, + Deef?)a® B> +
D,,B*.

In FSDT, for the identical laminates used in traditional laminate theory. The coefficients (Cmn, Dmn,
Wi, Xmn, Ymn) Of the Navier solution for these laminates could be calculated as:

my; Mz 0 Myg MisT(Cny (0 )
Mz Maz 0 My mzs] Dinn 0
(33) I 0 0 ms3 ms3y Mg3g I Wmn = an
Myy Mpy Mgy Mg Mys LanJ l 0
Mmys Mys Mgs Mys Mssl\Y,, 0

Where coefficients m; are defined by:

myy = Ap10@% + AgeB?, myp = (Agz + Age)aff, My = By1a® + Bggf?,

mys = (Biz + Bge)afl, May = Age@® + Apf% , My = Mys, Mys = Bge@® + Byy 7,
M33 = K(Assa® + A4sf?), M3y = KAgsa, mas = KAyfS

Myy = Dy1a® + Degf® + KAss , Myus = (D1 + Deg)af, Mss = Dge@® + Dypf” + KAy
2.4 lllustrative Example

As illustrated in Figure 1, a and b are the horizontal and vertical dimensions of the whole plate, and x
and y are the coordinates of the location at which the transverse deflection w is calculated.
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Figure 1: Geometry of the simply supported rectangular laminated plate
The following values are assumed in elastic stage:
Plate dimensions, a =950 mm & b=950 mm.
Poisson’s reinforcement ratio =0.3.
Young’s reinforcement modulus in all direction =200 GPa.
Shear modulus of reinforcement in all direction =76.92 GPa
Clear cover of concrete= 8 mm

Steel reinforcement: @10@100mm both directions with equivalent thickness of 2 mm as a steel plate
for 90 mm thickness and @10@150mm both directions with equivalent thickness of 1.26 mm as a steel
plate for 60 mm thickness.

Poisson’s concrete ratio = 0.16.

Young’s modulus of concrete in all direction =35.15 GPa.

Shear modulus of concrete in all direction =15.15 GPa.

Applied partially distributed load over area (95 mmx95 mm) on the center =1.66 MPa.

Cross section of RC slabs is illustrated in Figures 2 and 3.
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Figure 2: Cross section of RC slab with thickness of 60 mm.
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Figure 3: Cross section of RC slab with thickness of 90 mm.

3. Results and Discussion

Deflections of square RC slabs with two thickness groups that are simply supported (60 mm and 90
mm) under its self-weight and partially distributed load were 0.208 according to classical laminate
plate theory and 0.209 according to first order shear theory for slabs with a thickness of 60 mm, and
were 0.0575 according to classical laminate plate theory and 0.0601 according to first order shear
theory for slabs with a 90 mm thickness. Experimental and FEM values are also presented according
to the Shvan [14] from previous study, as illustrated in Table 1.

Table 1: Deflections of simply supported square RC slab.

Thickness CLPT FSDT Experimental(mm) FEM (mm)
(mm) (mm) (mm) [14] [14]
60 0.205 0.209 0.21 0.199
90 0.0575 0.0601 0.07 0.072

According to the findings of this study, a square laminated plate's highest deflection occurs near the
slab's center, the highest deflection (w;) obtained by classical laminate plate theory and experimental
results from previous study were compared. The results were close to 97.62 % and 82.14 % for square
slabs with thicknesses of 60 mm and 90 mm, respectively. The maximum deflection (w;) obtained by
FSDT and experimental results from previous study were compared, the results were close to 99.5 %
and 85.86 % for square slabs with thicknesses of 60 mm and 90 mm, respectively. According to Shvan
[14] the maximum deflection (w;) achieved through FEM and experimental were compared, the
findings were close to 94.76 % and 97.22 % for square slabs with thicknesses of 60 mm and 90 mm,

respectively. The results of maximum deflection were shown graphically for RC slab with thicknesses
of 60 mm as shown in Figure 4.



Eurasian J. Sci. Eng., 9(2) (2023), 54-64 Page | 61

CLPT

FSOT

Experimental

FEM

Rectangular RC slabs with thicknesses of 60 mm

Figure 4: the maximum deflection which obtained by different methods for RC slab with thicknesses
of 60 mm.

The results of maximum deflection were shown graphically for RC slab with thicknesses of 90 mm
as shown in Figure 5.

0.0720

B ocer

B reor

B Experimentol

B

Rectangular RC slabs with thicknesses of 90 mm

Figure 5: The maximum deflection which obtained by different methods for RC slab with thickness
of 90 mm.

Stresses of simply supported square slabs with two groups of thickness that are (90 mm and 60 mm)
under self-weight and partially distributed load have been predicted and estimated according first order
shear theory and classical laminate plate theory were 2.96 for slabs with thicknesses of 60 mm, while
were 1.33 for slabs with thicknesses of 90 mm, experimental and FEM values are also presented
according to the Shvan [14] from previous study, as illustrated in Table 2.

Table 2: Stresses of simply supported square RC slab.

Thickness CLPT (MPa) FSDT Experimental FEM (MPa) [14]
(mm) (MPa) (MPa) [14]
60 2.96 2.96 3.34 3.851
90 1.33 1.33 1.78 1.885
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The current investigation determined that the maximum stress of a square laminated plate is located in
the center of the slab, the maximum stress (oxx) obtained by classical laminate plate theory and
experimental results from previous study were compared. The results were close to 88.62 % and 74.72
% for square slabs with thicknesses of 60 mm and 90 mm, respectively, the maximum stress (Gxx)
obtained by FSDT is the same as CPLT. According to the Shvan [14] that the maximum stress (Gxx)
was obtained by FEM and experimental were compared, the results were close to 86.73 % and 94.4 %
for square slabs with thicknesses of 60 mm and 90 mm, respectively.

The results of maximum stress were shown graphically for RC slab with thicknesses of 60 mm as
shown in Figure 6.
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Figure 6: The maximum stress which obtained by different methods for RC slab with thicknesses of
60 mm

The results of maximum stress were shown graphically for RC slab with thicknesses of 90 mm as
illustrated in Figure 7.
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Figure 7: The maximum stress which obtained by different methods for RC slab with thicknesses of
90 mm
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The low percentage of differences of deflection results between CLPT and FSDT can be attributed to
the fact that the CLPT fails to take into account shear strains at the interfaces. The bending stresses
results of the first order shear theory and classical laminated plate show a bit different compared to
the experimental results but that there is not an important distinction difference between laminated
plate theory and experimental results, and the low difference percentage of the laminated plate theories
compared to the fact that CLPT and FSDT are based on assumptions might explain the experimental
outcomes, it has been observed that the thickness of slabs has a great effect on the approach to the
experimental results of deflection and stresses. The FEA findings were more accurate because they
represented an actual model of a concrete square slab with reinforcements, a 3D modelled slab with
all of the precise material characteristics [15].

4. Conclusion

The goal of this research was to explore the applicability of the laminated plate theory on a square RC
slab under partial uniform distributed load at the center and its self-weight in an elastic stage in order
to better understand its behavior. The following conclusions can be drawn:

1. This study confirmed that the results of stresses differed when comparing laminated plate theory
and experimental data, but that the differences were acceptable with appropriate accuracy.

2. The results of deflection by CLPT and FSDT agreed with the experimental results, the FSDT
that takes into account shear strains at the interfaces is closer to the experimental results.

3. For both analytical approaches, the prediction was more accurate for slabs 60 mm thick rather
than 90 mm.

4. Generally, the laminated plate theories were applicable on square RC slab’s behavior for
displacement and stress at the center in elastic stage.
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