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Abstract: This study explores numerical solutions to nonlinear reaction-diffusion
equations, with a focus on modeling concentration profiles in catalytic pellets,
crucial for many chemical engineering applications. The problem is discretised
and investigated in both the temporal and spatial domains using finite element
method. A weak formulation is developed, and the existence and uniqueness
of the finite element method solution are established. Stability and convergence
of the numerical schemes are rigorously analyzed, and Crank–Nicolson-based
discretization is implemented for enhanced accuracy. Numerical results illus-
trate the effectiveness of finite element method and finite difference method, with
close agreement between the methods. This comparison highlights finite element
method’s potential advantages in catalytic process modeling, showcasing its ef-
fectiveness in solving nonlinear reaction-diffusion PDEs.
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1. Introduction

Nonlinear partial differential equations (PDEs), are crucial in many scientific and engineering domains.
Many non-linear models are challenging to solve either analytically or numerically that represent real-
world problems. Solving such models often involves the inclusion of simplifying assumptions, some
of which may lack full justification. One of the most adaptable and widely used methods to solve
PDEs for a variety of applications in several domains is the finite element method (FEM). We will
use the FEM for a numerical study in which the concentration of a reactant in a catalytic pellet was
characterized by a nonlinear reaction-diffusion partial differential equation. We can write the model as
follows:

(1) ε
∂ 2v
∂x2 −

∂v
∂ t

= βv2, 0 ≤ x ≤ 1 and 0 ≤ t ≤ T,

with initial and boundary conditions:

v(x,0) = (1− x)2, 0 ≤ x ≤ 1,

v(0, t) = 0, 0 ≤ t ≤ T,(2)

v(1, t) = 0, 0 ≤ t ≤ T.

Here, β > 0 represents the reaction rate and ε > 0 is near zero that represents the diffusion rate.
Moreover, the exact solution of the Eq. (1) is unknown, see the reference [22].
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Young-Sang Cho in [19] modeled cone-shaped catalytic pellets for irreversible first-order reactions us-
ing the FEM. He found that increasing the cone angle improved effectiveness factors and analyzed hol-
low cone-shaped pellets in Continuous Stirblack-Tank Reactors (CSTRs). From [20] Cho, presented
analytical solutions for reactant concentration in batch reactors and CSTRs with catalytic pellets of
various shapes. Using reaction-diffusion equations and Laplace transforms, he examined how factors
such as the shape of the pellet, diffusion, and catalyst loading affected concentration profiles.
FEM is appropriate for complicated geometries and a range of boundary restrictions since it is es-
pecially useful for managing boundary conditions and weak solutions. The formulation of the weak
solution and the discretization stages in space and time using FEM, including stability analysis, are
described in this study. Finite difference method (FDM) is presented as a substitute technique for
verification, enabling solution comparison and FEM result validation. In [23], they presented a 3D
collocation FEM for modeling flexoelectricity, implemented in Fortran with a 27-noded element. It
was validated and shown to efficiently simulate complex electromechanical structures. From [26], they
investigated a mixed-dimensional elliptic PDE with embedded interfaces, established well-posedness
and solution regularity, developed a fitted FEM with proven error bounds, proposed a subspace decom-
position iterative solver, and validated its rapid convergence through numerical experiments.
Recent advancements in numerical methods for solving PDEs have emphasized the importance of
accurate error estimation and efficient computational techniques. From [2], they solved the Whitham–
Broer–Kaup shallow water model using a cubic B-spline FEM. They proved solution uniqueness, de-
rived convergence estimates, and validated the method with numerical tests, showing high accuracy
in L2 and L∞ norms. Sabawi’s contributions to a posteriori error analysis provide critical insights
into finite element approximations for fully discrete semilinear parabolic problems, as demonstrated
in both [8] and [9]. His work establishes error bounds in L∞(H1) norms, enhancing the reliability of
FEMs for complex problems. Additionally, the collaborative efforts of Sabawi et al. in developing
high-order solutions for PDEs, such as the Generalized Burgers–Fisher equation [10] and the diffu-
sive Lotka–Volterra system [11], illustrate the power of compact finite difference and implicit-explicit
Runge-Kutta methods. Moreover, Sabawi’s exploration of semilinear parabolic integro-differential
equations [13, 12, 16] highlights the applicability of posteriori error bounds in diverse mathematical
models, offering robust tools for tackling challenging systems in applied sciences.
The motivation for this study stems from the need to develop robust numerical techniques for solving
nonlinear reaction-diffusion equations that model catalytic processes. While FDM have been applied
to such problems [22], the FEM offers advantages in handling complex geometries and boundary con-
ditions. This research aims to provide a comprehensive theoretical foundation for FEM application to
catalytic pellet models, including existence and uniqueness proofs, stability analysis, and convergence
estimates, while comparing its performance with established FDM approaches.

2. Semi-Discrete Galerkin Scheme

Consider an open set Ω ⊂ R being bounded, and assume that all the functions presented in this study
have real values. The space C∞

c (Ω) comprises infinitely differentiable functions that possess compact
support inside Ω. The standard notation for Sobolev spaces is W r

p(Ω); see [17] for further details. The
Hilbert spaces are the Sobolev spaces W r

2 (Ω) for p = 2, which are denoted by Hr(Ω) to indicate their
specific structure in this context. In R, Dηψ represents the η th derivative of ψ . For Hr, the norm and
semi-norm are represented by ∥ · ∥r and | · |r and provided by:

∥ψ∥r =

(
∑

|η |≤r

∫
Ω

(Dη
ψ)2dΩ

)1/2

, |ψ|r =

(
∑

|η |=r

∫
Ω

(Dη
ψ)2dΩ

)1/2

.
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We are especially interested in the space H1(Ω) for r = 1. The H1
0 (Ω) represents the completeness

of C∞
c (Ω) in H1 norm; in other words, H1

0 (Ω) includes those functions of H1(Ω) that disappear at the
boundary ∂Ω. We shall write ∥ · ∥ for ∥ · ∥L2(Ω) for convenience. (·, ·) represents the inner product on
L2, whereas ⟨·, ·⟩ represents the duality product on Hilbert spaces. Lq(0,T ;W r

p(Ω)) is a representation
of time dependent Sobolev spaces, which have the following formula:

Lq(0,T ;W r
p(Ω)) =

{
ψ : (0,T )→W r

p(Ω) s.t. ψ is measurable and
∫ T

0
∥ψ(t)∥q

W r
p(Ω)dt < ∞

}
for any integer r ≥ 0, 1 ≤ q < ∞, 1 ≤ p ≤ ∞, using the subsequent norm,

∥ψ∥Lq(Ω) =

(∫ T

0
∥ψ(t)∥q

W r
p(Ω)dt

)1/q

, and ∥ψ∥H1(Ω) =

(
∥ψ∥2

L2(Ω)+∥∂ψ

∂ t
∥2

L2(Ω)

)1/2

.

This space consists of functions ψ that exhibit both spatial and temporal regularity.
It is important to emphasize that the time-dependent norms L2(0,T ;Hr(Ω)) should not be conflated
with the standard spatial norm L2(Ω). While L2(Ω) measures integrability strictly over the spatial
domain Ω, the norms L2(0,T ;Hr(Ω)) represent integrability in both the temporal and spatial sense,
accounting for the time evolution of the function over (0,T ) and the Hr-based spatial regularity on Ω.
Our use of some significant inequalities, like Young’s inequality, Cauchy-Schwarz inequality, Poincaré’s
inequality, Gronwall’s inequality, generalized Hölder’s inequality, etc., is based on PDEs [14] and the
standard text of functional analysis [21, 18].
Multiply (1) by a weight function w ∈ H1

0 (Ω), and integrated over Ω w.r.t. x to give the weak formula-
tion of the problem (1).

(3)
∫ 1

0
(ε

∂ 2v
∂x2 w− ∂v

∂ t
w−βv2w)dx = 0.

Using integration by parts on the term involving ∂ 2v
∂x2 , and v(0, t) = 0 and v(1, t) = 0. Therefore, the

Equation (3) can be written as:

(4)
∫ 1

0
(ε

∂v
∂x

∂w
∂x

+
∂v
∂ t

w+βv2w)dx = 0.

If we take (γ f ,g) =
∫ 1

0 γ f (x, t)g(x, t)dx, then equation (4) will gives us the following weak formula-
tion:

(5) (
∂v
∂ t

,w)+ ε(
∂v
∂x

,
∂w
∂x

)+β (v2,w) = 0,

with the initial condition

(6) (v(0,x),w) = (v0(x),w).

Let Sh(Ω),0 < h < 1, be a finite-dimensional subspace of Hr
0(Ω).

A semi-discrete finite element Galerkin formulation of (5) is then defined as: find vh = vh(x, t) belong-
ing to Sh, such that

(7) (
∂vh

∂ t
,w)+ ε(

∂vh

∂x
,
∂w
∂x

)+β (v2
h,w) = 0,

with the initial condition

(8) vh(0) = v0h,∀w ∈ Sh,
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where v0h is an approximation of v0 in Sh.

2.1. Existence and Uniqueness

In this section, we will discuss the existence and uniqueness of the solution of the semi-discrete for-
mulation (7) with (8).

Theorem 2.1.1. There exists a unique solution of the semi-discrete formulation (7) with (8) for any
T > 0 such that

v ∈ L∞(0,T ;H1
0 (Ω)) with (v(x,0),w) = (v0,w), w ∈ H1

0 (Ω),

if v0 ∈ H1
0 (Ω) for any T > 0.

Proof. Let {φi}∞
i=1 be an orthogonal basis for H1

0 (Ω) and let Um = span{φ1,φ2, . . . ,φm}, we define

(9) vm
h =

m

∑
i=1

αi(t)ϕi

for each t > 0 that satisfies

(10) (
∂vm

h
∂ t

,w)+ ε(
∂vm

h
∂x

,
∂w
∂x

)+β ((vm
h )

2,w) = 0,

with vm(0) = v0,m, where

v0,m = vm(0) =
m

∑
i=1

αi(0)φi = Pmv0,

where Pm is an orthogonal projection on to finite dimensional space Um, and v0,m → v0 ∈ H1
0 (Ω) [4, 5].

Hence (10) can be written as a system of first order non-linear ordinary differential equation and there
exists a positive time tm > 0 such that the nonlinear system has a unique solution vm over (0, tm). Hence,
vm

h can be defined by the standard existence and uniqueness theorem for system of ODEs [6]. Thus
there exist vm

h ∈ Sh(Ω) and tn ∈ (0,T ].
To prove uniqueness, for easier analysis, we present the semi-discrete (7), as follows:

(11) (
∂vh

∂ t
,w)+ ε(

∂vh

∂x
,
∂w
∂x

)+β ( f (vh),w) = 0, where f (vh) = v2
h.

Let vh and ṽh be two solutions of (11) and take V = vh− ṽh, and subtracting the two resulting equations
leads to

(12) (
∂V
∂ t

,w)+ ε(
∂V
∂x

,
∂w
∂x

)+β ( f (vh)− f (ṽh),w) = 0.

Choose w =V in (12), we get

(13) (
∂V
∂ t

,V )+ ε(
∂V
∂x

,
∂V
∂x

)+β ( f (vh)− f (ṽh),V ) = 0.

Using the Cauchy–Schwarz inequality, we conclude that

(14)
1
2

d
dt
∥V∥2 + ε∥∂V

∂x
∥2 ≤ β∥ f (vh)− f (ṽh)∥∥V∥.

So, we have

(15)
1
2

d
dt
∥V∥2 ≤ β∥ f (vh)− f (ṽh)∥∥V∥.
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We need to show that f is locally Lipschitz. From the definition of f , we have

(16) | f (vh)− f (ṽh)|= |v2
h − ṽh

2| ≤ (|vh|+ |ṽh|)|vh − ṽh| ≤C|vh − ṽh|,

where C denotes a constant. Throughout this work, C will represent a generic constant and does not
depend on h, which may take different values in different contexts. Now, we can show that

(17) ∥ f (vh)− f (ṽh)∥2 =
∫

Ω

|v2
h − ṽ2

h|2dx ≤C
∫

Ω

|vh − ṽh|2dx ≤C∥vh − ṽh∥2 ≤C∥V∥2.

Thus, (15) becomes

(18)
d
dt
∥V∥2 ≤C∥V∥2

Integrating form 0 to t, we can blackuce Equation (18) to

(19) ∥V (t)∥2 ≤ ∥V (0)∥2 +C
∫ t

0
∥V (s)∥2ds.

Applying Gronwall’s inequality, we get:

(20) ∥V (t)∥2 ≤ ∥V (0)∥2eCt = 0.

We see that V (t) = 0, this means that vh(t) = ṽh(t),∀t ∈ [0,T ].

2.2. Stability and Convergence

In this section, we will discuss the conservation of energy for the solution of the semi-discrete formu-
lation (7) with (8), which implies the stability of the numerical solution to (7). The convergence of the
solution for (7) will also be consideblack.

Theorem 2.2.1. Let vh ∈ Sh be the solution of (7). Then there exists a constant C, independent of h
such that

∥vh∥L∞(L2(Ω)) ≤C∥v0∥

Proof. Taking w = vh in (7), we obtain

(21) (
∂vh

∂ t
,vh)+ ε(

∂vh

∂x
,
∂vh

∂x
)+β ( f (vh),vh) = 0, where f (vh) = v2

h.

Applying Cauchy-Schwarz inequality, leads to

(22)
1
2

d
dt
∥vh∥2 + ε∥∂vh

∂x
∥2 ≤ β∥ f (vh)∥∥vh∥.

So, we have

(23)
1
2

d
dt
∥vh∥2 ≤ β∥ f (vh)∥∥vh∥.

Now, apply the similar steps of (16), we have

(24) ∥ f (vh)∥= ∥ f (vh)− f (0)∥ ≤C∥vh −0∥=C∥vh∥.

Put (24) in (23), we get

(25)
d
dt
∥vh∥2 ≤C∥vh∥2.
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Integrating form 0 to t, we can blackuce Equation (25) to

(26) ∥vh(t)∥2 ≤ ∥vh(0)∥2 +C
∫ t

0
∥vh(s)∥2ds.

Using Gronwall’s inequality, gives

(27) ∥vh(t)∥2 ≤C∥vh(0)∥2eCT ≤C∥vh(0)∥2.

Which implies

(28) sup
t∈[0,T ]

∥vh(t)∥ ≤C∥v0∥.

Therefore, we have

(29) ∥vh(t)∥L∞(L2(Ω)) ≤C∥v0∥.

Now we analyze the accuracy of the semi-discrete scheme (7). For all u,v ∈ H1
0 satisfies the bounded-

ness property

(30) |(∂u
∂x

,
∂v
∂x

)| ≤ M∥u∥H1∥v∥H1 ,∀u,v ∈ H1
0

and coercivity property (on Ω )

(31) (
∂v
∂x

,
∂v
∂x

)≥ α∥v∥H1 ,∀v ∈ H1
0 , for some α ∈ R.

Also, satisfies

(32) (
∂ (v− ṽ)

∂x
,
∂w
∂x

) = 0, w ∈ Sh,

where ṽ is an auxiliary projection of v [4]. Now we have the following bound for error in the semi-
discrete approximation.

Theorem 2.2.2. [3] Assuming that a function u satisfies

u ∈ L∞
(
Hr(Ω)

)
,

∂u
∂ t

∈ L∞
(
Hr(Ω)

)
,

then there holds the following inequalities:

∥ũ−u∥+h∥∇(ũ−u)∥ ≤C1hr∥u∥r,(33a) ∥∥∥∥∂ (ũ−u)
∂ t

∥∥∥∥+h
∥∥∥∥∇

(
∂ (ũ−u)

∂ t

)∥∥∥∥≤C2hr
∥∥∥∥∂u

∂ t

∥∥∥∥
r
,(33b)

where C1 and C2 are constants independent of h.

Theorem 2.2.3. If vh ∈ Sh is a solution of (7) and v ∈ Hr
0(Ω) is a solution of (5), then

∥v− vh∥ ≤Chr, for some C > 0.

Proof. Let the error be

(34) e = vh − v = (vh − ṽ)+(ṽ− v) = θ +ρ,
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where ρ = vh − ṽ and θ = ṽ− v.
Now, subtracting (5) from (7) yields

(35) (
∂

∂ t
(vh − v),w)+ ε(

∂

∂x
(vh − v),

∂w
∂x

)+β ( f (vh)− f (v),w) = 0.

So, we have

(36) (
∂

∂ t
(θ +ρ),w)+ ε(

∂

∂x
(θ +ρ),

∂w
∂x

)+β ( f (vh)− f (v),w) = 0.

Using (32) in (36), we get

(37) (
∂θ

∂ t
,w)+ ε(

∂θ

∂x
,
∂w
∂x

) = (−∂ρ

∂ t
,w)+β ( f (v)− f (vh),w).

Set w = θ in (37) and using Cauchy–Schwarz inequality, we get

(38)
1
2

d
dt
∥θ∥2 + ε∥∂θ

∂x
∥2 ≤ ∥∂ρ

∂ t
∥∥θ∥+β∥ f (vh)− f (v)∥∥θ∥.

In the same way as before, we can show that:

(39) ∥ f (vh)− f (v)∥ ≤C∥vh − v∥ ≤C∥θ +ρ∥ ≤C(∥θ∥+∥ρ∥).

Now, substitute (39) in (38), and using Young’s inequality, we have

(40)
d
dt
∥θ∥2 ≤C(∥θ∥2 +∥ρ∥2 +∥∂ρ

∂ t
∥2).

Integrating the last equation from 0 to t, gives

(41) ∥θ(t)∥2 ≤ ∥θ(0)∥2 +C
∫ t

0
(∥θ(s)∥2 +∥ρ(s)∥2 +∥∂ρ(s)

∂ t
∥2)ds.

Set θ(0) = 0, and using Theorem 2.2.2, then we have

(42) ∥θ(t)∥2 ≤Ch2r
∫ t

0
∥v(s)∥2ds+C

∫ t

0
∥θ(s)∥2ds.

Using Grownwall’s Theorem, we have the following

(43) ∥θ(t)∥2 ≤Ch2reCt ≤CeCT h2r.

Hence,

(44) ∥θ(t)∥ ≤Chr.

So, from Equation (45) and by using Theorem 2.2.2, we have

(45) ∥v− vh∥= ∥θ +ρ∥ ≤ ∥θ∥+∥ρ∥ ≤Chr +Chr+1∥v∥r+1 ≤Chr(1+∥v∥r+1)≤C(v)hr.

2.3. Finite Element Formulation

In this section, we derive the finite element formulation corresponding to the given problem. To initiate
the process, we begin by discretizing the spatial domain [0,1] into N uniform finite elements. Let



Eurasian J. Sci. Eng., 11(2) (2025), 235-251 242

{xm}N
m=0 be a partition of the interval [0,1] with h = 1

N and xm = mh. The Lagrange function ϕm(x)
centeblack at node xm is defined as:

(46) ϕm(x) =


x−xm−1

h for xm−1 ≤ x ≤ xm,
xm+1−x

h for xm ≤ x ≤ xm+1,

0 otherwise.

The derivative of ϕm(x) is:

(47) ϕ
′
m(x) =


1
h for xm−1 ≤ x ≤ xm,

−1
h for xm ≤ x ≤ xm+1,

0 otherwise.

Using piecewise linear basis functions ϕm(x), we approximate vn(x, t) as:

(48) v(x, t) =
N

∑
j=0

α j(t)ϕ j(x).

here α j(t)’s is a time dependent parameters which is going to be determined. If we use local coordinate
transformation ξ = x− xm, 0 ≤ ξ ≤ h, then we obtain the Lagrange basis functions as follows:

(49)
ϕm−1

ϕm
=

{
ξ

h ,
h−ξ

h ,
0 ≤ ξ ≤ h.

By expressing the approximate solution (48) in terms of the local coordinate system, we obtain the
following representation:

(50) vn =
m

∑
j=m−1

α
e
j (t)ϕ

e
j (x).

Following straightforward manipulations, the weak formulation corresponding to Equation (1) is ob-
tained as:

(51)
∫ xm+1

xm

(
∂v
∂ t

w+ ε
∂v
∂x

∂w
∂x

+βv2w)dx = 0.

Since the Galerkin finite element method is employed in this study, the weight functions are selected
to be the same as the basis functions, namely the Lagrange function. Substituting Equation (50) into
Equation (51), we obtain the following

(52)
m

∑
j=m−1

{(∫ h

0
ϕiϕ j dξ

)
α̇e

j + ε

(∫ h

0
ϕ

′
i ϕ

′
j dξ

)
α

e
j +β

m

∑
k=m−1

(∫ h

0
ϕiϕ jϕk dξ

)
α

e
k α

e
j

}
= 0

Upon rearranging this system into its matrix form, we arrive at the following representation:

(53) Me
α̇

e + εAe
α

e +βFe(αe)αe = 0,

here the dot symbol denotes differentiation with respect to t, and the vectors αe =
(
αe

m−1,α
e
m
)
, is

treated as the local (element-wise) nodal parameter vector. The element matrices Me,Ae,Fe(α) are
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defined through the following integrals:

Me
i j =

∫ h

0
ϕiϕ j dξ ,

Ae
i j =

∫ h

0
ϕ

′
i ϕ

′
j dξ ,(54)

Fe
i jk =

∫ h

0
ϕiϕ jϕk dξ .

where i, j,k = m−1,m. The element matrices introduced in Equation (54) can be explicitly computed
using the following expressions:

Me
i j =

h
6

[
2 1
1 2

]
(55)

Ae
i j =

1
h

[
1 −1
−1 1

]
(56)

Fe
i jk =

h
12

[
(3,1)αe (1,1)αe

(1,1)αe (1,3)αe

]
(57)

By assembling the contributions of all elements over the entire solution domain, the following system
of ordinary differential equations is obtained:

(58) Mα̇ + εAα +βF(α)α = 0,

where the global element parameter vectors are defined as α = (α0,α1, . . . ,αN)
⊺ where M, A, and

F(α) represent the global element matrices. The generalized mth row of these global matrices can be
expressed as follows:

M :
h
6
(1,4,1),(59)

A :
1
h
(−1,2,−1),(60)

F(α) :
h

12
((1,1,0)α,(1,6,1)α,(0,1,1)α).(61)

By using the forward finite difference approximations for α̇ =
αn+1 −αn

τ
and Crank–Nicolson method

α =
αn+1 +αn

2
, equation (58) will become:

(62) M
(

αn+1 −αn

τ

)
+ εA

(
αn+1 +αn

2

)
+βF(αn)

(
αn+1 +αn

2

)
= 0,

where τ is the step size of time discretization. After simplification equation (62) blackuces to:

(63) (2M+ τεA+ τβF(αn))αn+1 = (2M− τεA− τβF(αn))αn,

In order to start the solution procedure described in Equation (63), the initial vector α0 must first
be determined from the initial condition. Once the parameter αn+1 has been computed iteratively in
terms of the parameter αn at time t, the solution at each nodal point can then be evaluated using the
expression v(xi, t) = αi.
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2.4. Stability Analysis of the Linearized scheme

In this section, we will study the stability analysis for the linearized scheme (63) by von Neumann
method. A typical Fourier mode is described by:

(64) vn
j = λ

neq jhϕ ,q =
√
−1,

where j indexes the grid points, h = ∆x is the grid spacing, and the wavenumber ϕ represents the
spatial frequency of oscillations in a wave. It determines how quickly the wave oscillates as it moves
through space. The wavenumber ϕ is inversely related to the wavelength λ ∗, with ϕ = 2π

λ ∗ . In stability
analysis, ϕ is crucial as it helps assess the stability of numerical schemes across different frequencies;
the scheme must be stable for all possible values of ϕ . For the stability, the condition |λ | ≤ 1 must be
satisfied, for more details see the reference [1, p. 287].
To linearize our model, we assume that the quantity v in nonlinear terms v2 is local constants, namely
v̂.
Therefore, equation (58) will be transformed into:

(65) Mv̇+(εA+β v̂M)v = 0,

Using the forward difference for v̇ and Crank–Nicolson method for v, then equation (65) will become:

(66) M(
vn+1 − vn

τ
)+(εA+βdM)

vn+1 + vn

2
= 0,

where τ is the step size of time discretization, simplify equation (66), yields:

(67) (2M+ τ(εA+βdM))vn+1 = (2M− τ(εA+βdM))vn

The general row of M and A are h
6 [1 4 1] and 1

h [−1 2 −1], respectively. So, equation (67) becomes:

(68) α1vn+1
j−1 +α2vn+1

j +α1vn+1
j+1 = α3vn

j−1 +α4vn
j +α3vn

j+1,

where α1 = a1 − a2 + a3, α2 = 4a1 + 2a2 + 4a3, α3 = a1 + a2 − a3, α4 = 4a1 − 2a2 + 4a3, a1 =
h
3

,

a2 =
τε

h
and a3 =

τdβh
6

.
Now, put equation (64) in equation (68). After simplification, we will get:

(69) λ (α1e−iϕh+α2 +α1eiϕh) = α3e−iϕh+α4 +α3eiϕh

We will use the Euler’s formula eqθ = cos(θ)+qsin(θ), then equation (69) blackuces to:

(70) λ =
α4 +2α3 cos(ϕh)
α2 +2α1 cos(ϕh)

Because |λ | ≤ 1 is the stability condition. One way to rewrite this condition is as follows:

(71) λ
2 ≤ 1

Equation (70) is used to transform the inequality equation (71) into:

(72) (α4 +2α3 cos(ϕh))2 ≤ (α2 +2α1 cos(ϕh))2
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Thus, we have: (
4h
3
+ cos(hϕ)

(
2h
3
+

2ετ

h
− dhβτ

3

)
− 2ετ

h
+

dhβτ

3

)2

≤
(

4h
3
+ cos(hϕ)

(
2h
3
− 2ετ

h
+

dhβτ

3

)
+

2ετ

h
+

dhβτ

3

)2

After simplification we will get:(
4h2 + cos(hϕ)

(
2h2 +6ετ −dh2

βτ
)
−6ετ +dh2

βτ
)2

≤
(
4h2 + cos(hϕ)

(
2h2 −6ετ +dh2

βτ
)
+6ετ +dh2

βτ
)2

If we take h sufficiently small s.t. h → 0, then the inequality holds and the stability condition (71)
holds for equation (67).

3. Numerical Results

This section presents the numerical findings derived from the finite element method (FEM) that applied
to the nonlinear reaction-diffusion problem (1) that investigated in this study, to conduct a convergence
study numerically with respect to temporal discretization, with parameters ε = 0.01 and β = 2. The
spatial domain x ∈ [0,1], while the temporal domain t ∈ [0,1] was investigated with five progressively
refined time steps: ∆t1 = 0.02, ∆t2 = 0.01, ∆t3 = 0.005, ∆t4 = 0.002, and ∆t5 = 0.001. The convergence
numerically was assessed by computing pairwise absolute differences between solutions obtained with
consecutive time steps:

E1 = |v∆t1 − v∆t2 | ( ∆t =0.02 vs 0.01)

E2 = |v∆t2 − v∆t3 | (∆t =0.01 vs 0.005)

E3 = |v∆t3 − v∆t4 | (∆t =0.005 vs 0.002)

E4 = |v∆t4 − v∆t5 | (∆t =0.002 vs 0.001)

Table 1: Absolute differences between FEM solutions at t = 0.1 for all time step comparisons.
x E1×10−5 E2×10−5 E3×10−5 E4×10−5

0 0 0 0 0
0.1 542.55020787 246.78916531 142.81253641 46.77695829
0.2 15.84767036 6.17538077 2.95569569 0.85327364
0.3 3.60509260 1.79549811 1.07550583 0.35818950
0.4 0.51342363 0.25936528 0.15647039 0.05229857
0.5 0.08598083 0.04280338 0.02561221 0.00852495
0.6 0.09349461 0.04739481 0.02863975 0.00958003
0.7 0.03688084 0.01898877 0.01156649 0.00388423
0.8 0.00156337 0.00263629 0.00222374 0.00085053
0.9 0.01522218 0.00391795 0.00091677 0.00007093
1 0 0 0 0

Table 1 shows spatial errors, peaking in the left interior before decaying rightward. Finer resolutions
yield systematically smaller differences, while zero boundary errors confirm correct implementation.
The results validate the numerical method.
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Figure 1 presents both the solution profiles at t = 0.1 (Top panel) and these difference measures (Bot-
tom panel). The solution curves demonstrate clear convergence as the time step decreases, while the
difference plots show the expected blackuction in discrepancy with temporal refinement.

Figure 1: (Top) FEM solutions at t = 0.1 for all five time steps. (Bottom) Absolute differences between
consecutive time step solutions (E1 through E4).

Table 2: Finite element method solution of the equation (1) with different values of the parameters ε

and β .
ε = 0.01 and β = 0.1 ε = 0.1 and β = 10 ε = 0.01 and β = 20

x t = 0.5 t = 1 t = 0.5 t = 1 t = 0.5 t = 1
0 0 0 0 0 0 0

0.1 0.17494067 0.10780233 0.03287039 0.01377354 0.05129201 0.02566614
0.2 0.32545770 0.20578839 0.06064626 0.02615666 0.09343665 0.04825182
0.3 0.44525090 0.29326289 0.08295811 0.03699278 0.12686608 0.06861673
0.4 0.52349402 0.36320325 0.09970559 0.04590461 0.14919166 0.08491019
0.5 0.56118196 0.41228803 0.11160333 0.05283001 0.16187046 0.09659098
0.6 0.56840255 0.44360293 0.12076256 0.05843430 0.16859654 0.10525958
0.7 0.55272394 0.45708032 0.12755630 0.06278338 0.17075438 0.11080968
0.8 0.52379297 0.45554417 0.13223484 0.06596487 0.17006534 0.11376768
0.9 0.48686101 0.44251121 0.13578983 0.06847901 0.16744304 0.11498649
1 0.44684093 0.42087769 0.13801614 0.07028339 0.16347607 0.11469972

Based on the Finite Element Method solutions presented in the Table 2 for the nonlinear reaction-
diffusion equation, the results demonstrate a clear dependence of the reactant concentration profile on
the parameters ε (diffusion rate) and β (reaction rate). For the case with low diffusion and a very
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low reaction rate (ε = 0.01,β = 0.1), the concentration values are the highest overall, exhibiting a
distinct spatial peak and a significant decrease over time from t = 0.5 to t = 1, which is characteristic
of a diffusion-influenced process. In contrast, the scenario with high diffusion and a high reaction
rate (ε = 0.1,β = 10) yields the lowest concentration values, with a relatively flat profile and minimal
change over time, indicating that the reactant is rapidly and almost uniformly consumed. The case with
low diffusion but a very high reaction rate (ε = 0.01,β = 20) shows an intermediate concentration
level, where the intense reaction is somewhat constrained by limited diffusion, leading to a more
pronounced spatial variation than the high-diffusion case but faster consumption than the low-reaction
case. These results effectively capture the interplay between diffusion and reaction in shaping the
concentration dynamics within the catalytic pellet.
A comparison study is performed between our result and the FDM of the reference [22] to confirm
the results. Table 3 presents numerical values of v(x, t) at various time instances (t = 0.1, t = 0.5, and
t = 1), showing the agreement between the two techniques. Figure 2 illustrates a visual comparison of
the solutions obtained from our results of FEM and the approximate solution by FDM in [22], while
Figure 3 presents the variation of v(x, t) across the spatial domain at various time occurrences. The
findings validate the accuracy and stability of the FEM, further corroborating its theoretical robustness
through close agreement with the FDM results.

Table 3: Comparison of FEM and FDM of the equation (1) with ε = 0.01 and β = 0.5.
t = 0.1 t = 0.5 t = 1

x FEM FDM FEM FDM FEM FDM
0 0 0 0 0 0 0

0.1 0.40576546 0.42782018 0.13067720 0.12385283 0.07104334 0.06199795
0.2 0.63291799 0.65072408 0.24055922 0.22764969 0.13442787 0.11784450
0.3 0.70105577 0.69660344 0.32710304 0.30215063 0.19069795 0.16382127
0.4 0.67695008 0.65312090 0.38396477 0.34724458 0.23540191 0.19853511
0.5 0.63718653 0.61033239 0.41335538 0.36799991 0.26697929 0.22230741
0.6 0.59271267 0.56832782 0.42317165 0.37116179 0.28853312 0.23646407
0.7 0.54843896 0.52719697 0.41788952 0.36296698 0.29997947 0.24275003
0.8 0.50653618 0.48702922 0.40335779 0.34816853 0.30294734 0.24293505
0.9 0.46447422 0.44791320 0.38252614 0.32988939 0.29945458 0.23859232
1 0.42375550 0.40993650 0.35835597 0.30992510 0.29073950 0.23100409
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Figure 2: FEM and FDM solutions v(x, t) for the catalytic pellet model with ε = 0.01 and β = 0.5.

Figure 3: The Variation in v(x, t) at different time instances for the catalytic pellet model with
ε = 0.01 and β = 0.5.
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4. Conclusion

This study underscores the theoretical rigor and computational efficacy of the FEM in solving nonlinear
reaction-diffusion equations, particularly as applied to catalytic pellet models. The weak formulation
of the given partial differential equation provided a mathematically robust framework, over Sobolev
spaces to establish the existence and uniqueness of solutions. The Galerkin approximation, central
to the FEM implementation, was instrumental in developing semi-discretized and fully discretized
formulations, accompanied by a priori error estimates and convergence analyses. These results confirm
the theoretical robustness of FEM and its capability to provide reliable approximations for complex
systems.
The stability of the FEM implementation, analyzed within the Crank–Nicolson framework, further
demonstrated the method’s robustness, ensuring that the discretized solutions remain consistent and
stable under temporal and spatial variations. The use of piecewise linear basis functions for spatial
discretization allowed for precise representation of the system’s dynamics, highlighting the versatility
of FEM in handling boundary conditions and irregular geometries.
The comparative analysis with the FDM validated the numerical results and emphasized FEM’s the-
oretical advantages, such as its ability to handle weak solutions and accommodate nonlinearity effec-
tively. The close agreement between FEM and FDM results reinforced the accuracy of the numeri-
cal solutions while demonstrating FEM’s superior adaptability and theoretical robustness for solving
reaction-diffusion equations. Therefore, the FEM proves to be a theoretically grounded and compu-
tationally efficient approach for the approximate solution of nonlinear partial differential equations.
Its rigorous mathematical formulation, coupled with demonstrated stability and convergence proper-
ties, makes FEM a cornerstone technique in numerical analysis, particularly for systems governed by
reaction-diffusion dynamics in engineering and applied sciences. In the future, we intend to broaden
the application of the Haar wavelet collocation method to various challenging real-world problems, for
more details see [25, 24].
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