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Abstract: In this paper we study semi nilpotent elements in rings. It is shown that every element of Z,
where n is square free is a trivial semi nilpotent. It is proved that every nontrivial nilpotent element is a
nontrivial semi nilpotent. Conditions are given under which every element of the group ring Z,,G is semi
nilpotent. It is shown that if p is prime and p divides the order of G, then Z,G has nontrivial semi
nilpotent. Also it is proved that if G is a cyclic group of order g™, then every element of Z,G, p is prime,
is semi nilpotent.
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1. Introduction

The concept of semi nilpotent element was introduced by Vasantha Kandasamy (1997). An element
x of a ring R is semi nilpotent if x™ — x is a nilpotent element of R, for some positive integer
n>1.If x™ —x =0, then x is said to be a trivial semi nilpotent. Clearly every nilpotent element is
semi nilpotent and every idempotent is semi nilpotent. In Kandasamy (2002), it is shown that if K is
a field of characteristic 0 and G is a torsion free abelian group, then the group ring KG has no
nontrivial semi nilpotent element. In this work by using some well-known theorems in number
theory the form of both trivial and nontrivial semi nilpotent elements in Z,, are given. It is shown that
every element except 0 and 1 in the group ring Z, G where G is a cyclic group of order 2™, for even
n, is a nontrivial semi nilpotent element. At the end we answer an open problem given in Kandasamy
(2002) concerning such elements, Theorem 2.10 and Theorem 2.12.

2. Semi Nilpotents

In this section, we study semi nilpotent elements in Z,,, and in the group ring Z,,G for a cyclic group
G of finite order.

Proposition 2.1. Every nontrivial nilpotent element in Z,, with the prime factorization of n =
P19 po,%2... pr“k is a nontrivial semi nilpotent.

Proof. Let 0 # x be a nilpotent element of Z, and m be the least positive integer such that x™ = 0
(mod n). Then x = p;%1 p,¥2... p, %k, such that at least one of #; < a; say £; < a;. We have to
show that xt —x # 0 (mod n) for each positive integer ¢. Suppose x! —x = 0 (mod n) for some
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t>1, so x(x*"1—=1)=0 (mod n), which means that n|x (x!~!—1), which implies
p1% x (xt1—1). But #; < ay, S0 p;* + x and clearly (x®~! — 1) is not divisible by p,, so
p1% + x (xt~1 — 1), contradiction.m

Proposition 2.2. Every element in Z,,, where n is a square free is a trivial semi nilpotent element.

Proof. Since n is square free, then n = p; p, ... pr (Dummit & Foote, 2004), for some distinct
primes p;, 1<i<k.Nowleta€Z,. If p;ta, foreach 1<i<k, then by Euler’s Theorem
(Burton, 1980), a®(P1P2--PK) =1 (mod n), that is a(P1~D(P2=D-(Px=1 = 1(mod n), which means

a(P1=D(P2=D-(Pr=D+1 = g (mod n),

so a is a trivial semi nilpotent element in Z,,. Now, suppose a is divisible by some of p;’s, without
loss of generality, suppose a is divisible by p4, p,, ..., pp and a is not divisible by py.1, Prs2, - k-
Hence a =ty p; = t, p, = -+ = t, p, for some t; € Z* with p; tt;, 1 <j < £ and by Fermat’s
Little Theorem (Schroeder, 2006),

(t1 py)(Perr=D) (Peaz=D(Pk=D) = 1 (Mod pyy1Ppss - Pi),

Pe+1Pesz - Pi |(ty pp)(Perr™D(Perz=D) o (Piml) — 1,

So,

t1 D1 Pos1Pes2 - Pk |ty py alPeri™D (Perz= Do (PimD) — ¢

But p;|t; p, foreach 2 < i < ¢, then

P1D2 e Pi | by py alPera=D) (Peez= D) (=) — gy
this means a(Pe+1=D (Pev2=D- (P=D+1 = g (mod n).
Hence a is a trivial semi nilpotent element.m

Theorem 2.3. Consider Z,,, with the prime factorization of n = p,% p,t2... p,t*, with at least one
of t; > 1 and let 0 # w € Z,,. Then w is a trivial semi nilpotent if w has the form w = g, g,%...
q5t ¥y %2 % with £ < k, a; = 0, and for each 1 <i < ¢ there exists 1 < j < k such that
q; = pj and r; are primes distinct from p;’s such that s; = 0 for each i or s; > ¢; for each i.

Proof. Without loss of generality, put w = p;°t p,°2... py,Smr %%, %, Ifs; = 0 for all
1 <i < m,thengcd (w,n) = 1, thus by Euler’s Theorem,

(0)?™ = 1 (mod n)
(w)?M+1 = ¢ (mod n)
Hence w is a trivial semi nilpotent element.
If s; >t; for 1 <i < m,then by Euler’s Theorem,

tm+1 tm+2  p tk) —_ t t t
(w)(P(pm+1 Pm+2 P k) = 1 (MOd P g1 ™*2 P2 ™42 L. PgE)
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¢
(w)<P(pm+1fm+1 Pma2 ™2 i) = ) (MOd Pry1 ™41 Pgpimez o pite) L (1)

Thus

t t t
Prms1 T Praa 42 s Dt ()P M Prmaa A2 Lp) 1

Since s; > t; for 1 < i < m, then p;** p,%2... p,,'™| w which implies

P18 o2 p ] (@) PPt T P2 T BNy ()
From (1) and (2) we obtain:

n | (w)®@Emea ™ pna iz L pfk)EL

that is
()¢ Pmea ™ Pma ™2 )1y = 0 (mod ),
Hence w is a trivial semi nilpotent element.m

Lemma 2.4. Letp,, py, ..., p be distinct primes and A = fcm (@ (p1), ©(®2), ..., ( pr)). If
(a)Pi~* = 1 (mod p;) foreach 1 < i < k, then a* = 1(mod p,p; ... Py).

Proposition 2.5. Consider Z,, with the prime factorization of n = p;% p,2... p,t*, with at least
oneof t; >1and 0 # w € Z,. Then w is a nontrivial semi nilpotent if w has one of the forms:

i) w=p;5p,%2 ... pSk ¥, %2, %m, such that sq, sy, ..., s; are different from
zero.

i) w=q;° q,%2... ¢, "%, .5, such that for each 1 < j < ¢ there exists
1<i<k,qj=pwitht<kand 0<s; <t; foratleastonei € {1, 2,..., £}.

In both cases a; > 0, 7; are primes distinct from p, , p; ,..., Pk

Proof.

i) Since w isdivisible by p;,p,, ..., pr , SO w is a nilpotent element and by Proposition 2.1,
w is a nontrivial semi nilpotent element.

i) Without loss of generality suppose that t;>1 and w = p;51p,%2 .. p,5t
rn%r% .1, % for 0 <s; <t;, £ < k. By Fermat’s Little Theorem, (w)?/"! =1
(mod p;) foreachf+1<j<k

PutA = £cm (@ (Pes1), ®Po42), --- » @(Pr)). Then by Lemma 2.4,

w* =1 (Mod ppyq Posz - Di)
Hence w**! = w (Mod ppyq Prig o Pic)
which means pyiq1 Ppyz - Pk | 0**' —w
consequently p; p, ... pr |0t —w, so w?*! —w is a nilpotent element of Z,. It
remains to show that w*** — w % 0 (mod n).
Now w?*! —w = w (w? — 1), then from the fact that p;%1| w , p;1 t w
and p; + w* — 1, we deduce that p;% + w?*!' —w. S0 W' —w £ 0
(mod n). Therefore w is a nontrivial semi nilpotent element of Z,,.m
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Proposition 2.6. Every nontrivial nilpotent element in a ring R is a nontrivial semi nilpotent.

Proof. Clearly every nilpotent element is semi nilpotent. Let 0 # w be a nilpotent element of R and
n be the least positive integer such that «™ = 0. If w® —w =0 for some k, 1 <k < n, then
wf =w. Now 0= w" = wf w®* =™ *1hut n—k+1 <n, contradiction. Hence w is a
nontrivial semi nilpotent. m

Theorem 2.7. Every element in Z, G\{0, 1}, where G is a cyclic group of order 2™ and n is an even
integer is a nontrivial semi nilpotent element.

Proof. Let w € Z, G\ {0, 1}. Then w is of the form w =ay+a; g + ... + azn_lgzn_l such that
there is a; # 0 for some i > 0. If w has an even number of nonzero terms say 2¢ that is w =
ailgil +a;, gz + ..+ aizfgiﬂ, then

W =1+1+-+1=0,

2¢—times

which means that w is a nontrivial nilpotent. Hence by Proposition 2.6, w is a nontrivial semi
nilpotent. If w has an odd number of nonzero terms say 2¢ + 1, that is w = ailgi1 +a;, g+ ..+

i
a,,,, 8¢, thus

0wl =1+14-+1=1
(2¢+1)—times

Hence w?" —w=1—w = 1 + w, SO w is a nontrivial semi nilpotent element.m

In what follows we answer the following open problem given by Vasantha: LetZ, be the prime
field of characteristic p (p > 2) and G =<g: g? = 1 > be a cyclic group of order q.

a. If (p.q) =1, canthe group ring Z,G have nontrivial semi nilpotent elements?
b. If p|q, can the group ring Z, G have nontrivial semi nilpotent elements?
Now, we need the following Lemma’s.

Lemma2.8.In Z,G,p prime,and G = <g:g? =1 > isacyclic group of order g, we have:
(ap +ar g+ azg® + - +a;187 1P = a” + (a; &P + -+ (ag-187"1)P
Moreover by induction one can show that
(ap +ar g+azg®+-++ aq—lgq_l)pk =aq?" + (a, " + -+ (aq—1gq_1)pk
Lemma 2.9. For each a € Z,, we have (a)pk = a (mod p), forany k € N.

Theorem 2.10. Let py, ps, ... , pr and p be distinct primes. If G is a cyclic group of order m with the
prime factorization of m = p,*1p,*2 ... p,*r, then every element in the group ring Z,G, is a trivial
semi nilpotent element.

Proof. Suppose w = ap + a; g+ ag* + -+ a—18™ € Z,,G.
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. ki1p k2 p kr
We will show that (w)?P*®* 727" = .

By Lemma 2.8, we obtain:

o(m) 1\ @(piFipok2 . prkr)
(@)P7 = (ao + a; g+ apg® + -+ a1 g™

_ (PR -pikT)(pokz - poka=t) L (pykr - prkr1)
= (ao + a, g + -+ am—lgm 1)p
- (a )p(plkl—p1k1—1)(p2kz “pake=1)  (prkr - pykr-1)
= Qo

(p1*1-pik1=1)(pok2 - pyka=1) . (prkr - prkr—1)

+ (a18)?

(p1*1-pik1m1)(pokz - pok2=1) . (pyr - prkr—1)

LR Tl - ()

By Euler’s Theorem, p‘P('plklkaz"' i) = 1 (mod p,k1p, k2 ... p.*r), so
p@:1 =17 (22 =227 . 0T =P = 1 (mod p, F1p,*z ... p.*r), and by Lemma 2.9, then:

@P*™ =g +a, g+ g+ + ayg™ T = 0,

p(P1k1 -pik1T) k2 —prkahy Lk - p Y _
) -—w=0.

Consequently, (v
Therefore, w is a trivial semi nilpotent element.m
The following corollary is a direct consequence of Theorem 2.10.

Corollary 2.11. The group ring Z,G,where p prime and G is a cyclic group of order g such that
p t g, has no nontrivial semi nilpotent element.

Theorem 2.12. LetZ, be the prime field of characteristic p (p = 2), and G be a cyclic group of
order q. If p|q, then the group ring Z, G has nontrivial semi nilpotent elements.

Proof. Since p|q then g = pm for some m € N. Now let
w=1+g"+g"m+..+gPVme7G.
(@) = (L +g™ +g2™ + -+ g~ DM’
=1+ (g™P + (g*™)P + -+ (g®P™)P  (Lemma 2.8)

=14+gi4+g2944gPDI=141+..41

p—times

=p(1)=0.

So w is a nontrivial nilpotent element and by Proposition 2.6, w is a nontrivial semi nilpotent
element. Hence the group ring Z,,G has nontrivial semi nilpotent elements.m
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3. Conclusion

In this work the form of trivial and nontrivial semi nilpotent elements obtained in Z,,. It is shown that
every element except 0 and 1 in the group ring Z, G where G is a cyclic group of order 2™, for even
n, is a nontrivial semi nilpotent element. In addition we have got the answer of the following open
problem given by Vasantha: LetZ, be the prime field of characteristic p (p > 2) and G = <g:
g? =1 > be a cyclic group of order q.

a. If (p,q) =1, canthe group ring Z,G have nontrivial semi nilpotent elements?
b. If p|q, can the group ring Z,G have nontrivial semi nilpotent elements?
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