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Abstract: In this review work we indicated that there are two different metrics to find the distance
between any two rational numbers. One of these metrics is usual absolute value | . |m and the other one is

the p-adic absolute value | . |p, here p is a prime number. Most crucial property of this norm is that it

satisfies the ultra-metric triangle inequality. In this work we gave some definitions and properties about
both metric and ultra metric norms. Especially, we reviewed the construction of p-adic number field.
Rational numbers have two types of completions; while one of them is real numbers field the other one is
p-adic numbers field.
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1. Introduction

p-adic numbers were first described by German mathematician Kurt Hensel. About a century later,
p-adic numbers was one of the most crucial topics of pure mathematics to investigate. After 1980s,
many scientists recognized the importance of p-adic numbers and many researches studied on p-adic
numbers and its various applications in their works (Arefeva et al., 1991; Rozikov 1998;
Khrennikov, 1997, 2003 and 2004; Ganikhodjaev & Rozikov, 2009). Recently, p-adic numbers are
keeping its importance to attract the mathemacians, and many other scientists with its applications in
various areas. Also many books and PhD dissertations were published on p-adic numbers and p-adic
analysis (e.g Koblitz, 1977; Robert, 2000; Katok, 2007; Rozikov, 2013; Dogan, 2015).

In the present review paper, to take the awareness of the mathematicians on p-adic numbers and its
importance, | will use resources mentioned above and then | will give some fundamental notions,
theorems and properties of the p-adic numbers. Furthermore, how to construct p-adic numbers field

Q, and some comparisons with real numbers is another issue the present paper deals with.

2. Some Definitions and Theorems

As it is known that real numbers R and p-adic numbers Q,, are obtained by the completion of

rational numbers Q. Each of these numbers determine the distance between a point on the number
line and origin. Euclidean norm states the distance between origin and a point on the real number

line with the absolute value at infinity, (| : |w) In the usual absolute value (| : |w) if we take any

prime number p instead of infinity then we call this absolute value “p-adic norm” and denoted by
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| . |p . Most useful and important of the p-adic metric is “it satisfies the strong triangle inequality.”

[x+y| <maxi|x| .|y| {, which is also called ultra-metric triangle inequality. This metric
p p p

provided the second type of the completion of rational numbers that is called p-adic numbers field
Qp.

Following proposition is very simple but it is very useful.

Proposition 2.1 (Katok 2007) If limx" =0 then ||x| <1.
Nn—o0

Proof: Let |x|<1. lim|x"

N—oo

=0 since HX”H=||X||n ie. limx"=0. Let us assume that [x|>1.

nN—o

X"[>1 for all positive n. So, it shows that limx" = 0. Therefore, this is a

nN—o0

Hence we get

contradiction with limx" = 0. Then we conclude that the proposition holds.

nN—o0

Definition 2.2 If a norm holds the following inequality;

[yl < masc x| | y1} 0.1

then this norm is called “non-Archimedean norm.”
Following proposition gives us the condition of the non-Archimedean norm.

Proposition 2.3 (Katok 2007) Items below are identical

i) The norm ||-|| is non-Archimedean
i) i) ||n]| £ 1 foralln € Z.

Proof: (i) = (ii) : We prove this assertion by induction method. Firstly, let
For n=1, || =1<1.
For k=n-1, ||k|| <1.

From here let us show that [|n| <1. We can easily get that; |n||=|jn—1+1] < max {||n -1, ||]4|} =1
since |[n—1| = k| <1 and |1 =1. Therefore for all neN we get |n||<1. Forall neZ, |n|<1

since ||-n| =n[ -

(i) = (i):
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(M) e (D .
SR O W T
k=0 k=0
< Iyl = o maxc .

Ix+y[' = H(x+ y)"
(0.2)

Then for all neZ, we obtain that |[x+y|<¥n+1max{|x| |y|[}. Hence, as n-—>oo,
[+ yl| < max{|x]. |y[}} since lim¥n+1=1.

This proposition provides us to get the difference between Archimedean and non-Archimedean
norms. In this case for X,y e F,x=0, if there exists any positive integer n that satisfies the

inequality [n-x||>|y|. then this norm is called Archimedean norm. To indicate this for x,y € F,

let ||y|>]x]. then we get ||n||>M>1 for an existing positive integer ni.e. this norm is an

I

Archimedean norm. Conversely, if a norm is an Archimedean then |n|>1 for a positive integer n.

At the same time, as K — oo, ||n||k — oo and for some K, we can get||n||k > M and it satisfies the

I

Archimedean property Hn"x” >||y|| ie.
sup{|n|:n e Z} =+ (0.3)

Proposition 2.4 (Katok 2007) Let F be a non-Archimedean field. For all a, X € F, If the inequality
| —a| < |[a]| holds then ||x]| =a] -

Proof: From the strong triangle inequality, we get ||x|=|)x—a+a] < max{|x—a],|a]} =[a] . On
the other hand, it becomes [a]| = [la—x+ x| < max{||x—a||,||x||}. If [x—a| > |x| then [la <|x—a]
. This contradicts with the condition |x—al <||a]|. Therefore it becomes ||x—a| <||x|| and ||a] <|x|

- Thus x| =] -
Note 2.5 We can express the proposition above as follows:
Let a,beF and |||| is a non-Archimedean norm on the field F . Therefore
&l = lo]} = [}a-+b]| = ] (0.4)

This property shows that in an ultra-metric space all triangles are isosceles and legs are longer than
its base in length.
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Proposition 2.5 (Katok 2007) Let the norm (||||) be a non-Archimedean norm. Any point belonging

to the open ball B(a,r) ={x:||x—a||<r} is the center of this ball in field F , ie. if be B(a,r)

then B(b,r) =B(a,r). Same result also works for the closed ball in the field F .

Proof: Assume that X € B(b,r). From our assumption we get |a—b|p <r, |b—x|p <r and using

the strong triangle inequality, it is easy to get follows
|at—x|p =|(a—b)+(b—x)|p < max(|a—b|p ,|b—x|p)< r.

Hence; B(b,r)  B(a,r). By the same manner; easily it can be obtained that b e B(a,r),
aeB(b,r) since |a—b|p <r for b. Then we get B(a,r) = B(b,r) and we conclude that both

balls are identical.

Next proposition proves that any norm is either Archimedean or non-Archimedean.

Proposition 2.6 (Katok 2007) Any two equivalent (||||1D ||||2) norm in a field F, is either

Archimedean or non-Archimedean.

Proof: If |||, 0], then |x|, >1 and ||x|, >1 for any integer x. To prove this, let us assume that

||x||1 >1 and ||x||2 <1. Therefore ‘X” X"

l—)oo and

, — 0 as n—oo. This shows that the

sequence (x”) is a Cauchy sequence due to ||||l but not a Cauchy due to ||||2 . This result contradicts

with the equivalence of the norms. So, any norm is either Archimedean or non-Archimedean.

3. p-Adic Numbers Field (Q ) and Some Analysis on Q

In this section we are going to review some important properties of the p-adic numbers field Q .

Usual absolute value (|{) is a norm in the rational numbers field. The metric d(x,y)=|x—Y|
determine the distance between an two points on the real number line which is called Euclidean
metric. The completion of the rational numbers Q respect to this metric is real numbers field R,
ie. Q=R.

Naturally; we may inquire that is there any other metric different from usual metric and it should be
completion of rational numbers. Answer of this question uncovered existence of another metric that

different than the usual one. Following construction demonstrates that there exists a different way to
measure the distance between any two rational number. Let p be a prime number. Hence;

X = pordp(x) [i X, ka (0.5)
k=0

Volume 3, Issue 2; December, 2017 124



Eurasian Journal of Science & Engineering EAJSE
ISSN 2414-5629 (Print), ISSN 2414-5602 (Online)

and
The highest order of p that p dividesx, xelJ,
ord x = a (0.6)
If X:B, a,bell,b=0 then ord a-ordb.
From (0.5) and (0.6) we get;
—ordpx
|x| _Jp whenever x # 0, 07)
|0 whenever x =0.

We define the norm (0.7) as a transformation of ||p :Q — R. This norm is called p-adic norm in

the rational numbers.
Remark 3.1 If a,beN then a=b(mod p") <::>|a—b|p Sin since when a=b(mod p"),
p

a—b=p"-t.From here, |a—b|p =

1 . .
p" -t‘ < — is obtained.
Pp
Lemma 3.2 The p-adic (||p) norm above is a non-Archimedean norm in rational numbers Q, i.e.

|x+y|p£max{|x|p,|y|p}

ord (x) m ord, (y) E

Proof: Let X=p and y=p be rational numbers. From the definition of the

normed space;

Property 1: It is trivial that; |x|p =0 x=0.
Property 2: Since ord, (xy) =ord (x)+ord (y); we easily obtain:

pordp(x) m . pordp(y) E
n S

ord (x) m
n

%) t
s

p

[x-yll, = =[x, I¥1,
p

p p

Property 3: WhenXx =0 or y =0 then it is clear that the triangle inequality holds.

ad +bc

and
bd

a C
Let X,y =0 and ng, y:a.Hence, X+Yy=

ord (x+y)=ord (ad +bc)—ord (bd)
> min{(ord ,(ad),ord  (bc)) —ord (b) —ord (d)}
=min(ord ,a—ord b,ord c—ord d)
=min(ord x,ord y)

Volume 3, Issue 2; December, 2017 125



Eurasian Journal of Science & Engineering EAJSE
ISSN 2414-5629 (Print), ISSN 2414-5602 (Online)

Therefore; we obtain

—ord,x

ey, = p 7 < max(pr ™, ) =max(id, [y],) <[], + ]V,

This provides that the norm ||p satisfies the strong triangle inequality. Therefore; the norm ||p is a

non-Archimedean norm.

Remark 3.3 Let p, # p, be prime numbers then |~|pl # ||, - Actually, for a sequence (X, )= (&]

P,
n
o x>0 but x| oo Qe x| — 1P =p,"—>0; aa n-—>o  but
n P n P n P pn 1
21lp
n
%], = p—ln = p; —>o0. as N —>o0. Then these norms are different.
* P
2

P2

Now we are ready to define the p-adic numbers field Q. Let p be a prime number then we define
Q, respect to the norm (0.7) as a completion of rational numbers Q . We can expand p -adic norm
to the p-adic field Q ;ie. QcQ,. Forall xeQ,; let g:xeQ, —>||x||p, f:xeQ— f(x)
and g(x)= f(x) then g is called the expansion of f to the p-adic field Q, and p-adic normed
space (Qp,Hp) is complete. Q is called p -adic numbers field. Elements of Q are equivalence

classes of Cauchy sequences respect to p -adic norm.
Let the sequence (an) be a constant Cauchy sequence shown by a for a€Q, . Hence, due to

definition we write a as a = Zan p" and we get the limit of (a,) as follows:

n=k

|a|p = Iim|an|p (0.8)

n—o

Range set of p-adic norms {||p} which take the same values in Q and Q,, i.e. { p", ne Z} u{o},

holds up sufficiently different condition with Euclidean metric. If we expand p-adic norms ||p from

Q toR then they can get all negative values. Let Vi >—-m, 0<d__ < p and 0<d, < p, then the
following series holds.

d d >
—0p—mdy +dy+dp+d,p?+..= ) dp" (0.9)
p p k=-m

Partial sum of (0.9) constructs a Cauchy sequence since for all 6>0, there exists a N and for
p™ <o and k>n>N we get following;

Volume 3, Issue 2; December, 2017 126



Eurasian Journal of Science & Engineering EAJSE
ISSN 2414-5629 (Print), ISSN 2414-5602 (Online)

k .
= Zdi p

i<
ey n<i<k

k ) n )
zdi pl_zdi p'

Therefore any sequence (0.9) determines an element of Q. This is also conversely true.

< maks(‘di p“p) <p V<o (0.10)
p p

Now we need to show that equivalence class of each Cauchy sequence is unique in Q.

To prove this fact, we need the following lemma.

Lemma 3.4 Let € {0,1,2,..., p' —l} , If xeQ and |x|p <1 then for all i there exists only one

a € Z that the inequality |0¢—x|p < p™ holds.

Proof: Let X:% where (a,b)=1. Since |x|p <1, p does not divide b and b, p' are relatively

prime. Hence, there exists any two integers m, n that mb+np' =1 (mod p) holds. Let ¢ =a-m,
then we get

a

a
am—E Bp|mb—]4p

s|mb—]4p :‘np“p :|n|p p'<p.

|0(—X|p =
p

Finally, impending |a—x|p < p‘i , We can add a multiple of pi to «, to obtain an integer between

0 and p' and still the inequality |a—x|p < p™ holds.

For Instance: Let X = 12—2 and p=5. Itis clear that (10,21) =1. From here, let (5,21)=1. m=1

5.2
. |21

a =5-1=0(mod5), we obtain

and n=1 since

=5"<1, we get 1.21+1-5=1(mod5). After that for

5

| =X, :‘1.5—E ==
21, |21

<[-21-1, =[5 =l 5" <5

90211,

5

and O e {0,1,2,3,4} is unique.
Theorem 3.5 In Q , there exists one only one (ai) Cauchy sequence presentation that satisfies the

following conditions:

1) 0<a <p'-1,a¢eZ fori=12,..,
2) a=a, (modp'),forall i=12,...
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For each equivalence class of a which holds the inequality, |a|p <1l.

Proof: Let (bi) be a Cauchy sequence that shows the equivalence class of a. Here our aim is
finding a sequence (@;) which satisfies (1) and (2) and equivalent to the sequence (b;). We can

ignore initial terms of sequence since || — [a] <1asi-—>oo. Let|h| <1 forall i and

b —bi,|p <p!, Vi,i">N(j) holds for all j=1,2,..., N(j) positive integer. Let us take the

sequence N(j) be increasing respect to j; hence N(j)= j. From Lemma 3.4, for 0<a; < p’,

we can find the integers a; as ‘aj —bN(j)‘p sij . In order let us show a; =a,,, (mod p') and
p

(b;) 7 (a;) . First claim; since

2., -2, ‘p = |20 = Bucay By ~Bugy — @ _bN(J))‘p

< max(‘ajﬂ—bN(m) ) [ +Buin ) [, _bN(n‘p)
3 1 1 1) 1
R

then we obtain a; =a,,, (mod p’).

To prove the second claim, let us take a j. Forall 1> N(j); we can obtain,
h—@h:h—%+%—mm—m—mmm

smax(‘ai—aj‘p,‘aj—bN(j)‘p,‘bi—bN(j)‘p)
1 1 1 1
S”“‘X(FFFJT
Therefore |a, —bi|p — 0, as i — oo This proves the equivalency (b;) [ (a;).

Now let us prove the uniqueness: Let us take a sequence (ai’ ) and 8 * ai'o for some i,. Then,

a_#a (modp®) since O<a,a < p°. Therefore from (2), for i>i), we obtain

a,=a #a =a (modp°) ie. a =a/(modp®). This concludes that |a —a/

1

ey for all
pO

I > 1i,. Hence, this proves that the sequences (a,), (&) are not congruent.

From theorem 3.5, every a€Q, can be represented as a=d,+d, p+d,p’ +...+d_ p'™" where
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d e {0,1, 2,..,p —1} . And this representation is called the canonic form of a and it is unique.

Following proposition shows us the uniqueness of the representation of a p-adic norm.

Proposition 3.6 Let 0<n<k and d, #0. Then

p, whenever a:idnp“,dn #0,
l, -
p", whenever, a= > d p".d_, #0.

n=—m

Proof: The norm |a|p is the limit of the partial sum of the p-adic norms of sequences. In the first

case: Since |dk|p=l and from strong triangle inequality, we get constants sequence

-k -k

,p,.... Hence, |a|p =p* . Ifa= Z d p" and d_, #0 then by the same process we

n=—m

PP

obtain, |a|p =p".

Definition 3.7 If the canonic expansion of any a € Q  includes only non-negative powers of p then

it is called p-adic integer. And the set of p -adic integers denoted by Z . It is clear that

Zp={XEQpZX=. aip‘}.

T
o

From here we define p-adic integers set Z , as follows:

z, ={aer :|a|p sl}.

Moreover, the set of p-adic units is denoted by pr and defined as follows:

z :{XGZp :|x|p :1}.
Theorem 3.8 Each p-adic integer sequence has a convergent subsequence.
Proof: Let us remind the subsequences (xnk) of positive integer sequences (Xk) s.t.
n <n,<n,<...Let (x)eZ, and canonic expansion of each term is x, =..a;aa; . For the
digit ag , since the existence of finite variations we can find infinity subsequence (XOk ) with the last

digit by €{0,1,2,..., p—1}, of the finite digit sequence(X,). If we continue this process with

By, 0,,0,,... we can get the following sequence;
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Xoo s Xors Xog 1 ++1 Xog e+
Xigr X35 Xpg oo Xigy e
Xops Xogs gy eee Xogyen

Here, each sequence is a subsequence of next one and each element of n" row ends with b,...bb .

let , x; e{xjflj,xjflm,...}, for all j=0,1.... Then the diagonal sequence X,X,,... is still

subsequence of original sequence, and it is clear this subsequence converges ...n,b,b 0, .
3.1 p-Adic Expansion of Rational Numbers

Each rational integer is also p-adic integer i.e. each rational integer can be expressed as an expansion

of base p. For instance, the number -1 can be expressed as —1=(p —1)2 p' . Then we can express
i=0

any p-adic integer in Z, as »_ p' _ 1 an

< 1-p 1-p

i=0

Next theorem provides that each rational number can be expressed as an expansion of p-adic
numbers.

Theorem 3.8 Let a=..d,...d,d,d,.d ,..d
left-hand periodic then this p-adic expansion states a rational number.

be a rational number. If the p-adic expansion of a is

-m

Proof: = We can multiply a p-adic number X by the power of p and then we can subtract a
rational number from the result. Any p-adic integer x € Z; can be expressed as follows:

X=Xo+X1p+X2p2+...+Xk_1pk‘1+xopk +X1pk+1+...

And let @ =X, +X p+X,p>+...+ %, p“" be arational number, X can be stated as follows

x=a(l+ p“+p*+..=a- —.

1-p
Then x is a rational.

< Assume that the following p-adic expansion is not a rational number.

%:in pez, (0.11)

i>0
Suppose that (a,b) =1 and (b, p) =1. Since (b, p") =1, there exists such c,,d that the equation
c.b+d p" =1 holds. We get a=ac b-+ad_ p" by multiplying a. When we add a multiple of p"

to ac,, we get any two integers A, and r, where 0< A < p"—1.Hence, a=Ab+r, p" holds. If
we divide both sides of the previous equation by b then we obtain

a r
i +_n n
b A bp
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Then

a-(p"-hb_ _ a
p "

pn
since r, =(a—Ab)/ p". For sufficient big n, it becomes —b <r, <0. This means that r, is finite

n

a
valuable. Therefore, we can express B as follows:

a

n rn
—_ = + n
b A+p

LA pr+t I (0.12)

b

r,— pr, —
L= Pl s an integer since A, — A, = p“(%} is an integer and (b, p")=1. From

A...=A,(mod p") and Theorem 3.5, the sequence (A,) is the partial sum of p-adic canonic

. a . .
presentation of b For all n’s, A=A +x,p" and from the assumption (0.11) we obtain

r=X,b+pr.,. Since r, has finite valuable sequence, there exists such an index m and a positive

integer P that r, =r_ . Hence we get

me+ prm+1 = Xm+Pb+ prm+P+l (013)
Then p divides X, —X,., since (b, p)=1 in the equation (X, —X,.p)0=p(r,.p,s—T,..) - But

from X, X,.p €{0,1..., p—1} we get X, =X If we substitute this in (0.13) we conclude that

m+pP *

r.=r If we use same processes then we find r. =r , and X, =X, ., (n=m). This proves

m+l — "m+P+1*

the existence P -long period in both X and r, for n>=m.

4. Conclusion

In the present work, we gave the definition of the p-adic numbers field and some of its important
analysis with proofs. Moreover, we showed some analogy between real numbers and p-adic numbers
and some important differences such as ultra-metric triangles.
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