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Abstract: This paper is to justify the assumption feature of the functionally graded elastic moduli for
both direction x-y and effect on the distribution of Poisson’s ratio throughout the angle of lamina fibers
between 0 to 90 degrees. In addition, the failure criterion theory is studied with consequences of the
change in elasticity. Tsai-Hill failure criterion is selected in the context of unidirectional (UD)
composites. The elastic changes according to natural logarithm. It reveals that the condition of closed
failure envelope cannot be satisfied by all UD composites and hence the constraint should be
unrestrained. The Tsai-Wu principle chiefs to that failure occur whenever the distortion yields energy
equals or exceeds a certain value related to the strength of the lamina. The strains and stress for both
compression and tension loading are determined based on Tsai-Hill criterion which changes with fiber
orientation. The results are obtained for both stress and strains under tension and compression loading.
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1. Introduction

The past few years have seen an extensive increase in the use of engineering processes for composite
structures based on dry fiber pre-forms and different resin injection. Despite a promising number of
advantages in terms of costs and flexibility of invention, such manufacturing technologies are likely
to increase the density of micro-defects when compared to conventional prepreg based composite. In
unidirectional (UD) composites materials, at the microscale, the stress transfer from the polymer
matrix to the fiber determines the overall mechanical behavior. In addition, the matrix undergoes
microstructural modifications in the vicinity of the fibers due to local changes of chemical and
physical processes such as crystallization and cross-linking. The region of the matrix affected by the
presence of fibers referred to as the interphase region highly affects the mechanical behavior of
polymer composites.

The voids into the polymeric matrix in terms of degradation of the composite mechanical properties
has been widely studied (Chowdhury, Talreja, & Benzerga, 2008) while the consequences of fiber
matrix inter-facial de-cohesion are still an open issue that is receiving a great attention from the
scientific community (Maligno, Warrior, & Long, 2010; Totry, Molina-Aldareguia, Gonzélez, &
LLorca, 2010). Numerical models have been developed by many researchers (Aghdam & Falahatgar,
2004; Asp, Berglund, & Talreja, 1996; Lane, Hayes, & Jones, 2001; Matzenmiller & Gerlach, 2005)
to investigate the influence of the interphase properties on the mechanical behavior of composite
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materials. The prediction of the stress in the broken fiber has been modeled by Fukuda and Kawata
(1976). They have found that Young’s modulus of the matrix and the fiber volume fraction had a
significant influence on the magnitude of the stress concentration. Phenomenological observations of
the creep rupture under maintained combined traction and torsion loading are first presented by
Natalia et al. (as cited in Kotelnikova-Weiler, Baverel, Ducoulombier, & Caron, 2018). Behzadi,
Curtis and Jones (2009) stablished a Monte Carlo simulation to predict the failure strain of
unidirectional fiber composites. The effect of matrix shear yielding of a high-performance epoxy
resin is introduced into the model through load sharing factors between the fibers adjacent to fiber-
break(s). Most of the statistical models (Lienkamp, & Schwartz, 1993; Wada, & Fukuda, 1999) for
composite failure strength are based on the linkage of several single fibers of the size a given
ineffective length incorporated into a Monte Carlo simulation. Vanegas-Jaramillo, Turon, Costa,
Cruz and Mayugo (2018) proposed that failure takes place when a critical density breaks, which
depends entirely on the constituent properties. Turon et al. (2005) developed a progressive damage
model for unidirectional composites laminates based on fiber fragmentation.

In this paper, the variation of elastic moduli for the graphite/epoxy composite is showed based on the
Tsai-Hill criterion and obeys to the natural logarithm as shown in Figure 1. The stress and strain
under the given strength properties are exhibited to identify the effect of functionally graded elastic

moduli with ply-lamina angles. The o =1, E, and E, in GPa which refer to the longitudinal and
transverse direction modulus of elasticity respectively.
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Figure 1: Variations of longitudinal and transverse
elastic moduli

2. Plane Stress Assumption

A thin prismatic member can be considered as a typical lamina of plate based on plane stress
assumption. This means that the plate is thin and there are no out-of-plane loads as shown in Figure
2. This assumption leads to conversion from three-dimensional stress-strain equations to two-
dimensional equations.
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Figure 2: Plane stress conditions for thin plate

2.1 Reduction of Hooke’s Law

The general strain-stress relationship for a three-dimensional body in a 1-2—-3 orthogonal Cartesian
coordinate system is

(& ] [Su Su S S S S |[ o]
&3 Sy Sn Su Su Sy Sy || o
&3 _ Syt Sy Sy Sy Sy Sy || 0% (1)
Va3 Su Sz Sz Su S Sus || Tas
Va1 St Ss; Ses Ses Sss Sy || Ta
| 721 |Set Se2 Ses Ses Ses  Ses J | 712

In the case of anisotropic material, one finds that the compliance matrix is related directly to
engineering constants as

1
S11 = E = S22 = 833
14
812 = _E = S13 = S21 = 523 = S31 = 532 (2)
1
S44 = E = S55 = 866

and Sij , other than in the preceding is zero. If a material has three mutually perpendicular planes of

material symmetry, then the stiffness matrix is given by

C, C, C, O 0 0O
C, C, Ch O 0 O
[C] _ C G Ci O 0 0 3
o o o0 C, 0O O
O 0 0O 0 C, O
0 0 0 0 0 Cg]
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Three of mutually perpendicular material with symmetric planes indicate that three mutually
perpendicular planes of elastic symmetry. Nine independent elastic constants are existing. Figure 3
represents an example of orthotropic material include a single lamina of continuous fiber composite,
arranged in a rectangular array, a wooden bar, and rolled steel. The compliance matrix reduces to

TZ.
1

000
00

O00

Figure 3: A unidirectional lamina as a monoclinic material with fibers

The compliance matrix reduces to

Sy S, S, 0 0 0
Sl2 S22 823 O O o
[S]: S13 SZ3 S33 O O O (4)
o o0 0 S, 0 O
O 0 0 0 S, O
0 0 0 0 0 Sy

A unidirectional lamina falls under the orthotropic material category. If the lamina is thin also does
not carry any out-of-plane loads, one can assume plane stress conditions for the lamina. By taking

Eq. (1) and Eq. (4) and assuming o, =0, 7,, =0 and z,; =0, then
& =530, + 5,40,

5)
Vo3 =V =0

Eqg. (4) for an orthotropic plane stress problem can be written as
S
& =S, Sp 0 |0 (6)

where S;; are the elements of the compliance matrix with the four independent compliance elements.

Inverting Eq. (6) gives the stress-strain relationship as

O Q. Q, O &
0,|=|Q, Q, 0 |¢g (7)
712 0 0 Q| 722
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where Qij are the reduced stiffness coefficients, which are related to the compliance coefficients as

S

Q= 31182222_ S122
S

Q2= 81182212_ 8122 (8)

S
Qzz = 81182211_ S122

1

Qes = S_es

2.2 Relationship of Compliance and Stiffness Matrix to Elastic Constants of Lamina

Eq. (6) and Eq. (7) show the relationship of stress and strain through the compliance [S] and

reduced stiffness [Q] matrices. On the other hand, stress and strains are generally related to
engineering elastic constants. For a unidirectional lamina, these engineering elastics constants are

E, = longitudinal Young’s modulus (in direction 1)
E, = transverse Young’s modulus (in direction 2)
Vi, = major Poisson’s ratio, where the general Poisson’s ratio, v; is defined as the ratio of the

negative of the normal strain in the direction
J to the normal strain in direction i, when the only normal load is applied in direction i .

G,, = in-plane shear modulus (in plane 1-2)

O, +— T_>1 —>0, L;]_

@ o (®)

(©)

Figure 4: Application of stresses of unidirectional lamina
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The Figure (4a) is representing an application of a pure tensile, that is

0,#20,0,=0,7,=0 9
Then, from Eq. (6)
& =9S,,0,
&, =S,0, (10)
72 =0

With the only nonzero stress is c1, as is the case here, then
1
E=3-- (12)
& Sy
P S
v, =_22 __T12 (12)
& Si

For the pure tensile load application in direction 2 as shown in Figure (4b), that is

0,=0,0,#0,7,=0 (13)
Then, from Eq. (6)
& = 51,0,
£, =S,,0, (14)
71, =0

If the only nonzero stress is o, , as is the case here, then

E,=—=— (15)

Va=E—"T"="¢5 (16)

The v,, is the minor Poisson’s ratio. From Eq. (11), Eq. (12), Eq. (15) and Eq. (16), the reciprocal
relationship

Vio _Vn
212 _ 721 17
£ E (17)

With applying a pure shear stress in the plane 1-2 as shown in Figure (4c), that is,

0,=0,0,=0,7,#0 (18)
Then, from Eq. (6)
& =0
& =0 (19)
Y12 = Sgs Ty
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In condition, z,, is the only nonzero stress, as is the case here, then

1
G,=L=— (20)

Y2 Ses

Thus,
1 1%

S11 = E ) SlZ = _ﬁ
1 1 (21)

Szz = i ) See = i

E, G,

Also, the stiffness coefficients Qij are related to the engineering constants through Eqg. (8) and Eqg.
(21) as

E v,, E
Q.= 1 , Q,=—a2=e
1-v, v, 1-v, v,
E
sz = 2 ) Qee = G12 (22)
1-v, vy,

3. Tsai-Hill Failure Theory

This theory is based on the distortion energy failure theory of Von-Mises’ distortion energy yield
criterion for isotropic materials as applied to anisotropic materials. Distortion energy is actually a
part of the total strain energy in a body. The strain energy in a body consists of two parts; one due
to a change in volume and is called the dilation energy and the second is due to a change in shape
and is called the distortion energy. It is assumed that failure in the material takes place only when the
distortion energy is greater than the failure distortion energy of the material. Hill adopted the Von-
Mises’ distortion energy vyield criterion to anisotropic materials. Then, Tsai adapted it to a
unidirectional lamina. Based on the distortion energy theory, he proposed that a lamina has failed if

(G,+G,)o7 +(G,+G;)o; +(G,+G, ) o; — 2G,0,0, — 2G,0,0,

(23)
~2G,0,0, + 26,15, + 2G,t}, + 2G,z), <1

is violated. The components G,,G,,G,,G,,G, and G, of the strength criterion depend on the failure
strengths and are found as follows.

Case I: The lamina will fail if apply o, =(0'1T )ult to a unidirectional lamina. Eq. (23) reduces to
2
(G, +G;)(a} ), =1 (24)
Case II: The lamina will fail if apply o, = (JZT )ult to a unidirectional lamina. Eq. (23) reduces to

(G,+Gy)(a3 ), =1 (25)
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Case III: The lamina will fail if apply o, = (JZT) . to a unidirectional lamina and assuming that the
u

normal tensile failure strength is same in directions (2) and (3). Thus, Eg. (23) reduces to

From Equation (2.145) to Equation (2.148), (G1 +G, )(a; )jn =1 (26)

Case IV: The lamina will fail if apply z,, = (712) . toaunidirectional lamina. Eq. (23) reduces to

2
ult

2G, (2'12) =1 (27)

From Eq. (24) to Eq. (27)

_i_ 2 1 PSS B
Gl_z{[(azx.tf [(crf)u.tT] © 2[[(@%.&] #9)

G3=l[ ] . l[ 1 2]
2 [(er )u.‘] 2{ [(#22)uuc |

Because the unidirectional lamina is assumed to be under plane stress, that is, then
0, =Ty =T, =0, then Eq. (23) reduces through Eqg. (28) to

ESACAIES A

The aim of this part is to find the engineering constants based on combination of Elastic moduli in
both direction 1 and 2 according to these criteria, Poisson's ratio: 0.28, shear modulus: 7.17 and
angle of lamina: 40.6. While the elastic moduli will be like this, longitudinal elastic modulus:
181(GPa) times natural logarithm of transverse elastic modulus or in the other words equal to
181x1In(10.3) . Also, the value of transverse elastic modulus: 10.3(GPa) times natural logarithm of
longitudinal elastic modulus or equal to 10.3xIn(181). Ultimate longitudinal tensile strength
=1.5GPa, ultimate longitudinal compressive strength =—1.5GPa, ultimate transverse tensile

strength =40MPa, ultimate transverse compressive strength =—246MPa, and ultimate in-plane

4. Numerical Example

shear strength =68MPa. Transverse global strain =-1.238x10"°, longitudinal global strain

=4.42x10"®, in-plane global strain = 0. The results appear like in the Table 1 at the angle of fiber
40.6°.

Table 1: The results at the lamina angle 40.6°

E, 26.4099 GPa
E, 24.7774 GPa
G, 39.8211 GPa
v 0.772562
shear coupling x 7.1377
shear coupling y -0.335251
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The distribution of x-direction elastic moduli or E, and y-direction is summarized in Table 2.

Elastic Modulus vs. Fiber Angle Poisson's Ratio vs. Fiber Angle

= Longitudinal Elastic Modulus
== Transverse Elastic Modulus

Elastic Modulus
Poisson's Ratio

. . . . . . . . . . . . . . . . . )
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
Angle (degrees) Angle (degrees)

Figure 5: Functionally graded elastic modulus  Figure 6: Poisson’s ratio v, as a function of
as a function of angle of lamina. angle of lamina for a graphite/epoxy lamina.

Shear Modulus vs. Fiber Angle Shear Coupling vs. Fiber Angle

= Shear Coupling x-dir

—— Shear Coupling y-dir

Shear Modulus
Shear Coupling

10 . . . . . . )
0 10 20 30 An AI(; (de f:ges) 60 0 80 % 0 10 20 30 40 50 60 70 80 90
g 9 Angle (degrees)

Figure 7: In-plane shear modulus in xy-plane as a Figure 8: Shear coupling coefficients as
function of angle of lamina for a graphite/epoxy a function of angle of lamina for a
lamina. graphite/epoxy lamina.

Table 2: Variations of Functionally graded elastic moduli for both directions

Angle E E,
0 422.1180 53.5445
10 159.1000 46.2770
20 61.0790 34.6450
30 35.2090 27.3560
45 25.1270 25.1270
90 53.5450 422.1200
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Strength Ratio vs. Fiber Angle
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Figure 9: strength ratio for a unidirectional lamina based on Tsai-Hill failure theory

strains as a function of fiber orientation angle
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Figure 10: percentage in-plane strains as a Figure 11: Distribution of strength of this
function of fiber orientation layer based on Tsai-Hill criterion as a

function of the fiber orientation under

compression loading.

The strain and stress distribution of graphite/epoxy for both tensile and compression loading are
shown in Figures 10 and 11 respectively. The strength properties of graphite/epoxy are assumed:

X, =1260MPa , X, =2500MPa, Y, =61MPa, Y, =202MPa, S =67MPa

o
In addition, the individual ply thickness =0.00125m and r = —=0.4
O_X

The denotation of t refers to the tension and C refers to the compression. This means that the

(0'1T )ult =X, , (o{ )ult =Y, and (z,,), =S for the calculating of tension strength and same

procedures for the compression strength. Also, the Figure 11 illustrates the strength of the layer
under tensile strength based on Tsai-Hill criterion.
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108 Strength under tensile loading for r = 0.4
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Figure 11: Distribution of strength of this layer based on
the Tsai-Hill criterion as a function of the fiber orientation
under tensile loading.

5. Conclusion

Applying model Figure 1 for the carbon fibers embedded in an epoxy matrix to signify the
distribution of elastic moduli and Poisson’s ratio within the composite and fiber orientation angle.
Figure 5 shows that the elastic modulus distribution with the angle of lamina fibers. The longitudinal
elastic modulus step decreasing in its values with increasing the angle of lamina fiber between 0° to
40° then increases gradually till the end of the angle of fiber. While in the transverse elastic
modulus it starts from 53.545 GPa and slightly decreasing up to 40° then increases steeply to
422.12 GPa at the end of the lamina. Table 2 shows that the elastic moduli at angle 0 for x-direction
equal to the elastic moduli at the angle of 90 for y-direction and vice versa. Poisson’s ratio increases
from 0.28 to 0.7968 at 28° of angle lamina fiber then decreases to 0.035517 at 90°. Regards to
Tsai-Hill criterion of failure, Figure 9 demonstrates the maximum strength ratio 9400 at the angle
27° then decrease to 3628 at the angle of lamina fiber 90°. This means that the strength is not
maximum at the start or end point but it varies throughout the lamina. The strain in y-direction
decreases while the x-direction strain remains about 0 at start and end points despite at the angle 45°
goes down.

The progression can be developed to structures subjected to non-homogeneous stresses where both
ply-by-ply and point-to-point strength analyses are gradually applied. This criterion failure theory is
only as good as the data available. The failure criterion is only the base for the combined stresses
where data are unavailable.
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