
Eurasian Journal of Science & Engineering                                                                            

ISSN 2414-5629 (Print), ISSN 2414-5602 (Online) 
 EAJSE

 

Volume 4, Issue 2; December, 2018 

 

19 

Hybridization of Genetic Algorithm with Homotopy Analysis Method for 

Solving Fractional Partial Differential Equations 

 
Ahmed Entesar

1
 & Omar Saber

2
 & Waleed Al-Hayani

3 

 

1,2,3 
Department of Mathematics, College of Computer Science and Mathematics, University of 

Mosul, Iraq 

Correspondence: Omar Saber, University of Mosul, Iraq. 

E-mail address: omarsaber79.os@gmail.com. 

 

Received: October 10, 2018     Accepted: November 23, 2018    Online Published: December 1, 2019 
 

doi: 10.23918/eajse.v4i2p19 

Abstract: In this work, the Homotopy Analysis Method (HAM) is applied to solve fractional Partial 
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1. Introduction 

Such equations are widely used in the fields of physics, chemistry, engineering and the rest of the 

other sciences. They are the equations of derivation and fractional integration, and some theories of 

derivatives of fractional integration with the incorrect number (Kilbas & Srivastava, & Trujillo, 

2006; Podlubny, 1999; Luchko & Groreflo, 1998). A survey of some implementation of fractional 

calculus in continuum and statistical techniques is given by Mainardi (1997). Oldham and Spanier 

(1974) and Ross and Miller (1993) provide the history and a comprehensive treatment of this topic. 

Through these past years, this idea was developed by Leibniz to L'Hôpital in 1695, which used 

integration and fractional derivation in several fields, including physical engineering, engineering 

and other sciences, and provided many definitions and hypotheses for solving such fractional 

equations 

When the time period is large, fractional derivatives are generally made up of micro-generators. The 

importance of research in these equations is the need to develop the concept of equilibrium, and also 

for the stability of these equations (Fujita, 1990; Hilfer, 1995, 2000). 

In this paper, we will consider the fractional heat-like and wave-like equations of the form. 

   

   
  (     )     (     )     (     )    

                            
                                                                                 ( ) 

subject to the Neumann boundary conditions 
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 (       )    (     )   (       )    (     ) 

 (       )    (     )   (       )    (     ) 

 (       )    (     )   (       )    (     ) 

                                                                     ( ) 

and the initial conditions 

 (       )   (     )   (       )   (     )                                                                        ( ) 

Where   is the rate of change of temperature at a point over time and   is a parameter describing the 

fractional derivative and    (       ) is temperature as a function of time and space, while    , 

    and     are the second spatial derivatives of temperature in  ,  , and   directions, respectively. 

Finally,  (     ),  (     ) and  (     ) are any functions with respect to ,  , and  . 

When      , equation (1) reduces to a fractional heat-like equation with variable coefficients 

and when      equation (1) reduces to a fractional wave-like equation which models 

anomalous diffusive and subdiffusive systems, description of fractional random walk, unification of 

diffusion and wave propagation phenomena (Agrawal, 2002, Andrezei, 2002, Metzler & Klafter, 

2000). Recently, Molliq et al. (2009) applied the variational iteration method for solving equation 

(1). Momani (2005) and Al-Hayani (2017) solved the same equation (use the Adomian 

decomposition method (ADM). 

The HAMcan solve all types of linear, nonlinear, partial, normal and fractional equations also (Duld, 

1997) and give a close series of the exact solution, using the Maclaurin series. This method was first 

discovered by Liao Shijun in 1992 in a doctoral dissertation from the University of Shanghai and 

was also developed (Liao, 1997, 1999) by adding a non-zero parameter. Through this parameter we 

can control the solution and obtain a series close to the exact solution. The advantage of this method 

is solving nonlinear equations without invoking unrealistic assumptions, discretization or 

linearization. 

The primary objective of our research is to apply HAM to have fractional solutions for (1).VIM 

(Molliq et al., 2009) requests a determination of Lagrange multiplier in the method, HAM does not 

need this request, Unlike ADM (Momani, 2005), where the calculation Adomian polynomials is 

needed to deal with nonlinear terms, We will apply the GA algorithm to get a better solution for the 

same equation. The choice of this technique to obtain approximate solution is motivated by the 

following factors. First, GA can provide solutions for highly complex search spaces also. Second, 

GA can be performed well approximating solutions to all types of problems. As a result, the 

approach does not make any assumptions for underlying the shape of the fitness function (Dass et al., 

2014; Cheng et al., 2011; Li & Yin, 2014). 

Remainder of the paper is orderly as follows: in section 2 we have some definitions of the fractional 

function. In section, 3 we have the basic ideas of the homotopy analysis method. In section 4, we 

have the genetic algorithm. In section 5, we have the proposed method (GA-HAM). In section 6, we 

have a test of convergence of homotopy analysis method. In section 7 we have examples (1 and 2) of 

the fractional heat–like equation. In section 8, we have an example (3) of the fractional wave–like 

Equations. Finally, section 9 concludes the paper. 

2. Fractional Calculus 

In this part, we give some definitions, lemmas and properties of the fractional calculus to enable us 

https://en.wikipedia.org/wiki/Liao_Shijun
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to follow the solutions of the problem given. These definitions include, Riemann-Liouville, Wey, 

Reize, Compos, Caputo, and Nashimoto fractional operators. 

2.1 Definition 

“Let     . The operator   
  defined on the usual Lebesque space   ,   - by 

  
  ( )  

 

 ( )
∫ (   )    ( )  
 

 

  

  
  ( )   ( )  

 

for      , is called the Riemann-Liouville fractional integral operator of order  . 

Properties of the operator    can be found in (Luchko & Groreflo, 1998; Gorenflo & Mainardi, 

1997), we mention the following: 

 

For     ,   -       and     , 

 

1.   
  exists for almost every   ,   -  

2.   
   
 
 ( )    

   
 ( )  

3.   
   
 
 ( )    

 
  
  ( )  

4.   
 (   )  

 (   )

 (     )
(   )     

 

The Riemann-Liouville derivative has certain disadvantages when trying to model real-world 

phenomena with fractional differential equations. Therefore, we shall modify fractional differential 

operator    proposed by (Mainardi, 1997; Caputo, 1967). 

2.2 Definition 

“The fractional derivative of  ( ) in (Caputo, 1967) is defined as: 

   ( )         ( )  
 

 (   )
∫ (   )      ( )( )  
 

 

  

for                 

Also, we need here two of its basic properties.” 

2.3 Lemma 

“If        and     ,   -, then 

  
   
  ( )   ( )  

and 

  
   

  ( )   ( )  ∑  ( )(  )
(   ) 

  

   

   

      

The Caputo fractional derivative is considered here because it allows traditional initial and boundary 

conditions to be included in the formulation of the problem. In this paper, we consider the three-

dimensional time fractional heat-like and wave-like Equation (1), where the unknown function 

   (       ) is a assumed to be a causal function of time, i.e., vanishing for    , and the 

fractional derivative is taken in (Caputo, 1967). 
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2.4 Definition 

“For   to be the smallest integer that exceeds  , the Caputo fractional derivative of order     is 

defined as” 

   ( )  
   (       )

   
 

 

{
 
 

 
  

 (   )
∫ (   )     

   (       )

   
   

 

 

          

   (       )

   
                                                           

 

 

3. Basic Ideas of the Homotopy Analysis Method 

To illustrate this method, let us get the following equation 

 , (   )-   (   )                                                                                                                                       ( ) 

 

where   is an operator (nonlinear), x,t represent the independent variable, y(x,t) is a function 

(unknown) and k(x,t) is an analytic function. Through the generalizing, the classical homotopy 

method, Liao (1992, 1997, 1999) constructs the so-called zero-order deformation of the equation 

 

(   ) , (     )    (   )-    * , (     )-   (   )+                                                           (5)   

 

Where  ,   - is an embed parameter,   is an adjuvant linear effect,   is a non-zero adjuvant 

function,  (   ) is an initial guess of  (   ), (     ) is an unknown function. Note in this way 

that we have the freedom to choose adjuvant objects such as   and   in HAM (Al-Hayani, 2017) 

visibly, when      and    , together 

 

 (     )    (   )and (     )   (   ) 

 

Suspension. Thus, as   increases from 0 to 1, the solution  (     ) varies from the initial guess 

  (   ) to the solution  (   ). Expanding  (     ) in Taylor series with respect to  , one has 

 

 (     )    (   )  ∑  (   ) 
  

  

   

                                                                                                       ( ) 

where 

   
 

  

   (     )

   
|
   

                                                                                                                                ( ) 

If the adjuvant linear operator, the initial guess, the adjuvant parameter  , and the adjuvant function 

are so properly chosen, then the series (6) converges at       and one has” 

 (     )    (   )  ∑  (   ) 

  

   

 

 

whose ought be one of the solves of the authentic nonlinear equations proved by Liao (1992, 1997, 

1999). If     , equation (2) be 
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(   ) , (     )    (   )-   * , (     )-   (   )+                                                         ( ) 

 

According to (7), the governing equations can be deduced from the zeroth-order deformation 

equations (5). We define the vectors 

  ⃗⃗⃗   *  (   )   (   )     (   )+  

 

Differentiating 

 

(   ) , (     )    (   )-     (   ) , (     )-                                                                   ( ) 

 times with respect to the embedding parameter   and then setting       and finally dividing them 

by   , we have the so-called nth-order deformation equation 

 ,  (   )        (   )-     (    (   ))                                                                                      (  ) 

where 

  (    (   ))  
 

(   ) 

    * , (     )-   (   )+

     
|
   

                                           (  ) 

and 

   {
      
      

                                                                                                                                          (  ) 

 

It should be emphasized that   (   ) (   ) are governed by the linear equation (10) with the linear 

boundary conditions that come from the original problem, which can be easily solved by symbolic 

computation software such as Maple.” 

“ 

4. Genetic Algorithm (GA) 

GA is an enhancement strategy, which is based on the natural selection and is an easy to implement, 

were presented in 1970 by John Holland. The space of all solutions is to find the search space. Each 

point in region of the search space contains one specific solution. Each solution can be represented 

by its fitness value (Zang et al., 2016; Cheng et al., 2011; Dass et al., 2014). GA is intended to 

imitate a natural activity; a significant part of the pertinent wording is coming from biology science 

(Al-Hayani, 2017). 

 

Start: Initialize random population of chromosomes. 

Fitness Functions: Evaluate the fitness ( ) of each chromosome x in population. 

New population: Create a new population and chromosomes by repeating the following steps. 

 Reproduction (Selection): Select two parent chromosomes according to their fitness. 

 Crossover: The operation is applied to the selected chromosomes. The chromosomes 

chosen by recombine with each other and new chromosomes will be created to form new 

offspring.  

 Mutation: Some elements of the chromosomes introduce random changes in the genes to 

preserve the genetic diversity. 

Replace: Use new produced population for a further keep running of the algorithm. 

Termination: If the end condition is fulfilled, stop, and restore the best arrangement in current 

populace. 
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Loop: Go to step 2. 

5. Proposed Method GA-HAM 

The proposed method is based on finding the optimal parameters   in HAM (Heat–Like Equations 

one dimensional and two dimensional) and (wave–Like equations one dimensional) using the GA 

with the HAM. The result of HAM solution series is used to formulate the fitness function ( ) in the 

GA using the following equations: 

 ( )  
 

 
∑. (     )   (     )/

 
 

 

   

 

where   the total numbers of steps used in the domain of   and  respectively,   the approximate 

solution of the Examples (1, 2 and 3),  are the exact solutions for the Examples (1, 2 and 3). 

 represents the fitness function (   ) is solved by using the GA which involves three operators on 

its population (selection, crossover and mutation). The proposed method assumes a first standard 

model structure where the parameter is unknown. The goal of this strategy to locate the ideal 

parameter  (Heat–Like equations one dimensional and two dimensional) and (wave–Like equations 

one dimensional) which minimizes differences between the model out vector and the real response 

vector. 

 

6. A Test of Convergence 

The series 

  (   )  ∑  (   ) 

  

   

 

is convergent, where   (   ) is governed by the high-order deformation equation (10), under the 

definitions (11)  and (12), it must be a solution of equation (4). 

7. Fractional Heat–Like Equations 

In this section, we explain our analysis by testing for the following two fractional heat-like equation. 

 

7.1 Example 1  

Firstly, we consider the one-dimensional initial boundary value problems 

  
  

 

 
                                                                                                       (  ) 

 

subject to the boundary conditions 

 (   )     (   )                                                                                                                                 (  ) 

 

and the initial condition 

 (   )      

The exact solution for this problem is 

      (   )   
                                                                                                                                            (  ) 
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To solve (13) and (14) by the standard HAM, we select the initial approximation 

 (   )     

For         and utilizingthe initial condition we put 

  (   )  ∑
  

   
 (    )

  

  
 

 

   

    

Although, we have freedom to choose an initial guess, one has 

 

  
 (  

 )    
 (
 

 
     )                                                                                                                                (  ) 

 

According to the Eqs. (15) and 

 

  
   

 ,  (   )        (   )-     
 *  , ⃗    (   )-+                                                             (  ) 

where 

  , ⃗    (   )-  (  
 )  (

 

 
     )  

We will get  iterations 

 

  (   )   
     

 (   )
 

  (   )  ( 
   

 (   )
 

    

 (   )
 

     √ 

( )   (   ) .  
 
 
/
)   

  (   )  ( 
   

 (   )
 

     

 (   )
 

      √ 

( )   (   ) .  
 
 
/
 

    

 (   )

 
      √ 

( )   (   ) .  
 
 /
 
 

 

      √ 

( )   (   ) .  
 
 /  .  

 
 /
)   

  

So, the solution approximate in a series form is 

 (   )    (   )  ∑  (   )

  

   

  

we get 

 (   )  

(  
    

 (   )
 

     

 (   )
 

      √ 

( )   (   ) .  
 

 
/
 

     

 (   )
 

      √ 

( )   (   ) .  
 

 
/
 
 

 

      √ 

( )   (   ) .  
 

 
/ .  

 

 
/
 

    

 (   )
 

      √ 

( )   (   ) .  
 

 
/
 

  √      

    (   ) .  
 

 
/ .  

 

 
/
 
 

 

      √ 

( )   (   ) .  
 

 
/ .  

 

 
/
 

 
.
 
 
/
√      

( )   (   ) .  
 

 
/ .  

 

 
/ .  

 

 
/
  )  . 

 

When     and    , the above series has the closed form 

      (   )   
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In Tables 1-6, we list the optimal value of h by GA, value of h in Classical Method and the MSE for 

Example 1within the interval       and      . 

 

 

Table 1: When       for Example 1 

Optimal h by GA MSE 

                   

 
Table 2: When       for Example 1 

h in Classical Method MSE 

                

                

                

                

                

                

                

                

                

                

 

 
Table 3: When       for Example 1 

Optimal h by GA MSE 

                    

 

 
Table 4: When       for Example 1 

h in classical method MSE 

                

                

                

                

                

                

                

                

                

                

 
 

Table 5: When       for Example 1 

Optimal h by GA MSE 
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Table 6: When       for Example 1 

h in classical method MSE 

                

                

                

                

                

                

                

                

                

                

 
In the previous Tables 1-6, we note that the value of   which was obtained from the GA in Example 

1 gives better results for the MSE than all the values of   that were selected using the classical 

method, although several values were chosen for  . In Figures (1, 2 and 3), we represent the exact 

solution with a continuous line, the symbol   for the HAM and the symbol   for the proposed 

method within the interval      . 

 

  
Figure 1: When        for Example 1                 Figure 2: When       for Example 1 
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Figure 3: When        for Example 1 

 

7.2 Example 2   

We consider the two- dimensional initial boundary value problems 

  
  

 

 
(       

    )                                                                            (  ) 

Subject to the Neumann boundary conditions  

 

  (     )      (     )                                                                                                                 (  ) 

  (     )      (     )          

and the initial condition 

 (     )      

 

The exact solution for this problem is 

 

 (     )

                                                                                                                                                     (  ) 

 

To solve (18) and (19) by the standard HAM, we select the initial approximation 

 (     )     

For        and utilizing the initial condition we put 

  (     )  ∑
  

   
 (      )

  

  
 

 

   

    

Although, we have freedom to choose an initial guess, one has 

 

  
 (  

 )    
 (
 

 
(       

    ))                                                                                                             (  ) 

According to the Eqs. (20) and 
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 ,  (     )        (     )-     
 *  , ⃗    (     )-+                                                  (  ) 

 

where 

  , ⃗    (     )-  (  
 )  (

 

 
(       

    ))  

We will get iterations 

 

  (     )   
     

 (   )
 

  (     )   
     

 (   )
 
      

 (   )
 

       √ 

( )   (   ) .  
 
 /

 

  (     )   
     

 (   )
 
       

 (   )
 

        √ 

( )   (   ) .  
 
 
/
 
      

 (   )

 
        √ 

( )   (   ) .  
 
 
/
 
 

 

        √ 

( )   (   ) .  
 
 
/  .  

 
 
/
 

  

So, the solve approximate in a chain form is 

 (     )    (     )  ∑  (     )

  

   

  

we get 

 

 (     )     
      

 (   )
 
       

 (   )
 

        √ 

( )   (   ) .  
 
 /
 
       

 (   )

 
         √ 

( )   (   ) .  
 
 /  .  

 
 /
 

        √ 

( )   (   ) .  
 
 /
 
      

 (   )

 
 
.
 
 
/
√        

( )   (   ) .  
 
 /  .  

 
 /  .  

 
 /

 
 

 

 √        

    (   ) .  
 
 /  .  

 
 /
 

 √        

( )   (   ) .  
 
 /
   

 

When     and    , the above series has the closed form 

      (     )   
                

 

In Tables 7-12, we list the optimal value of h by GA, value of h in Classical Method and the MSE for 

Example 2. 

Table 7: When     , and       for Example 2 

Optimal h by GA MSE 
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Table 8: When     , and       for Example 2 

h in Classical Method MSE 

                

                

                

                

                

                

                

                

                

                

 
 

Table 9: When     , and       for Example 2 

Optimal h by GA MSE 

                    

 

 
Table 10: When     , and       for Example 2 

h in classical method MSE 

                

                

                

                

                

                

                

                

                

                

 
 

Table 11: When     , and       for Example 2 

Optimal h by GA MSE 
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Table 12: When     , and       for Example 2 

h in classical method MSE 

                

                

                

                

                

                

                

                

                

                

 

In the previous Tables 7-12, we note that the value of   which was obtained from the GA in Example 

2 gives better results for the MSE than all the values of   that were selected using the classical 

method, although several values were chosen for  . In Figures (4, 5 and 6), we represent the exact 

solution with a continuous line, the symbol   for the HAM and the symbol   for the proposed 

method within the interval      . 

 

   
Figure 4: When        for Example 2                     Figure5: When       for Example 2 
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Figure 6: When        for Example 2 

 

8. Fractional Wave–Like Equations 

In this section, we demonstrate our analysis by the survey for following one fractional wave-like 

equation. 

 

8.1 Example 3 

Finally, we consider the one-dimensional initial boundary value problems 

  
  

 

 
                                                                                                   (  ) 

 

subject to the boundary conditions 

 (   )     (   )                                                                                                                    (  ) 

 

and the initial condition 

 (   )      (   )   
   

 

The exact solution for this problem is 

      (   )     
                                                                                                                             (  ) 

 

To solve (23) and (24) by the standard HAM, we select the initial approximation 

 (   )        

 

For      and utilizing the initial condition we put 

 

  (   )  ∑
  

   
 (    )

  

  
 

 

   

       

Although, we have freedom to choose an initial guess, one has 

  
 (  

 )    
 (
 

 
     )                                                                                                                              (  ) 
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According to the Eqs. (25) and 

 

  
   

 ,  (   )        (   )-     
 *  , ⃗    (   )-+                                                        (  ) 

where 

  , ⃗    (   )-  (  
 )  (

 

 
     )  

We will get iterations 

 

  (   )   
       

 (   )   ( )  
 

  (   )  

(

 
 
 
 

 
     

 (   )   ( )  
 

      

 (   )   ( )  

 
        (   )

( (   )   ( )  )(
 (   ) ( ) .  

 
 /  

 

√ 
 
(   ) ( ) .  

 
 /  

√ 
)

 
        ( )  

( (   )   ( )  )(
 (   ) ( ) .  

 
 /  

 

√ 
 
(   ) ( ) .  

 
 /  

√ 
)

)
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  (   )

 

(

 
 
 
 

 
     

 (   )   ( )  
 

      

 (   )   ( )  

 
         (   )

( (   )   ( )  )(
 (   ) ( ) .  

 
 /  

 

√ 
 
(   ) ( ) .  

 
 /  

√ 
)

 
         ( )  

( (   )   ( )  )(
 (   ) ( ) .  

 
 /  

 

√ 
 
(   ) ( ) .  

 
 /  

√ 
)

 
      

 (   )   ( )  

 
         (   )

( (   )   ( )  )(
 (   ) ( ) .  

 
 /  

 

√ 
 
(   ) ( ) .  

 
 /  

√ 
)

 
         ( )  

( (   )   ( )  )(
 (   ) ( ) .  

 
 /  

 

√ 
 
(   ) ( ) .  

 
 /  

√ 
)

 
        (   ) ( )  .  

 
 
/   

(
 
 

(   )√  ( ) .  
 
 /  .  

 
 /  

 

 
 
 
 

(   )√  ( ) .  
 
 /  .  

 
 / 

 
)√  (   )   ( )  

  

)

 
 
 
 

   

  

Thus, the solution approximate in a series form is given by 

 (   )    (   )  ∑  (   )

  

   

  

we  

  

ge (   )  (  
      

 (   )  ( )  
 

       

 (   )  ( )  
 

       

 (   )  ( )  
 

      

 (   )  ( )  
 

         (   )

( (   )  ( )  )(
 (   ) ( ) .  

 
 
/  

√ 
 
(   ) ( ) .  

 
 
/ 

√ 
)
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         ( )  

( (   )  ( )  )(
 (   ) ( ) .  

 
 
/  

√ 
 
(   ) ( ) .  

 
 
/ 

√ 
)

 

         (   )

( (   )  ( )  )(
 (   ) ( ) .  

 
 
/  

√ 
 
(   ) ( ) .  

 
 
/ 

√ 
)

 

         ( )  

( (   )  ( )  )(
 (   ) ( ) .  

 
 
/  

√ 
 
(   ) ( ) .  

 
 
/ 

√ 
)

  )   

 

When     and    , the above series has the closed form 

      (   )     
        

 

In Tables 13-18, we list the optimal value of h by GA, value of h in Classical Method and the MSE 

for Example 3 within the interval       and      . 

 

Table 13: When        for Example 3 

Optimal h by GA MSE 

                     

 
Table 14: When        for Example 3 

h in Classical Method MSE 

                 

                 

                 

                 

                 

                 

                 

                 

                 

                 

 
 

Table 15: When       for Example 3 

Optimal h by GA MSE 
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Table 16: When       for Example 3 

h in classical method MSE 

                 

                 

                 

                 

                 

                 

                 

                 

                 

                 

 
 

Table 17: When        for Example 3 

Optimal h by GA MSE 

                    

 
 

Table 18: When        for Example 3 

h in classical method MSE 

                 

                 

                 

                 

                 

                 

                 

                 

                 

                 

 
In the previous tables 13-18, we note that the value of   which was obtained from the GA in 

Example 3 gives better results for the MSE than all the values of   that were selected using the 

classical method, although several values were chosen for  . In Figures (7, 8 and 9), we represent 

the exact solution with a continuous line, the symbol   for the HAM and the symbol   for the 

proposed method within the interval      . 
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Figure 7: When        for Example 3                       Figure 8: When       for Example 3 

 

 
Figure 9: When        for Example 3 

 

8. Conclusion 

From the results of this research, we can say that the HAM is successful in giving results close to the 

exact solution of the equations of fractional heat-like and wave-like. The basic idea of GA in this 

proposed method is to find the optimal parameters of the fractional heat-like and wave-like equations 

as it can be widely applied to nonlinear systems and to solve for any kind of equations. 
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